INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI
films the text directly from the original or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may
be from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6" x 9" black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly
to order.

University Microfilms international
A Bell & Howell Information Company
300 North Zeeb Road. Ann Arbor. M1 48106-1346 USA
313:761-4700 800.521-0600






Order Number 9413621

Quantum scattering theory in the light of an exactly solvable
model with rearrangement collisions

Varma, Samir, Ph.D.

The University of Texas at Austin, 1993

U-M-1

300 N. Zeeb Rd.
Ann Arbor, MI 48106






QUANTUM SCATTERING THEORY IN
THE LIGHT OF AN EXACTLY
SOLVABLE MODEL WITH
REARRANGEMENT
COLLISIONS

APPROVED BY
DISSERTATION COMMITTEE:







QUANTUM SCATTERING THEORY IN
THE LIGHT OF AN EXACTLY
SOLVABLE MODEL WITH
REARRANGEMENT
COLLISIONS

by
SAMIR VARMA, B. S.

DISSERTATION
Presented to the Faculty of the Graduate School of
The University of Texas at Austin
in Partial Fulfillment
of the Requirements

for the Degree of

DOCTOR OF PHILOSOPHY

THE UNIVERSITY OF TEXAS AT AUSTIN
December, 1993



Acknowledgements

I greatly benefited from the advice, criticism, constant encouragement,
and good humor of my adviser, Prof. E. C. G. Sudarshan, on whose ideas
this work is based, and without whom this would never have been possible.
I would like to thank Eric Myers for his TEX macro package, TgXsis, TEX
macros for Physicists, which made conforming to the thesis requirements
amazingly easy. Thanks are also due to everyone connected with, or sharing
the philosophy of, the Free Software Foundation and the GNU project for
making available all the software anyone could ever want free of charge. I
owe an enormous debt of gratitude to Djordje Minic who cheerfully took on
the unenviable task of teaching some physics to a callow engineer, fresh from
college, to my wife Debora for her continuous encouragement and support,
and to my parents for their support even though they wanted me to be a
lawyer. I also thank Silas Beane for much help and many long and illumi-
nating conversations, and Prof. Charles Chiu for his generous expenditure of
time and effort to help me in clarifying and presenting the ideas. And finally,

many thanks to John, Paul, George, and Ringo, without whom. ..

~ i -



QUANTUM SCATTERING THEORY IN
THE LIGHT OF AN EXACTLY
SOLVABLE MODEL WITH
REARRANGEMENT
COLLISIONS

Publication No.

Samir Varma, Ph.D.
The University of Texas at Austin, 1993

Supervisor: E. C. G. Sudarshan

We present an exactly solvable quantum field theory which allows rear-
rangement collisions. We solve the model and demonstrate the orthonor-
mality and completeness of the solutions, and construct the S-matrix. In
the light of the exact solutions constructed, we discuss various issues and as-
sumptions in quantum scattering theory, including the isometry of the Moéller
wave matrix, the normalization and completeness of asymptotic states, and
the non-orthogonality of basis states. We show that these common assertions
do not obtain in this model. The model itself is sufficiently general that it

could be easily used to study physical rearrangement processes.

—jv-—



Table of Contents

Chapter 1. Introduction and Previous Work . . . .. .. . ... .. 1
Introduction . . . . . ... ... ... L oL oL, 1
Redundant Poles and Phase Equivalent Potentials . . . . . . . . 4
Discrete States Buried in the Continuum . . . . . . . ... ... 7

Chapter 2. TheModel . . . . . . . . ... .. .. ... . ... 11
The Rearrangement Model . . . . . . .. ... .. ....... 11
Solvingthe Model . . . . . . . ... .. ... .......... 13
Verification of the Solutions . . . . . ... ... ... ...... 20

Chapter 3. Properties of the Model and its Solutions . . . . . . . .. 25
Orthonormality and Completeness . . . . . .. ... ... ... 25
The Moller Matrix and the Comparison Hamiltonian . . . . . . . 30
TheSMatrix . ... ... ... ... ... ... 32
Unitarity of the SMatrix . . . . ... ... ... .. ...... 39
Eigenphasesof the SMatrix . . . . .. .. ... ... ...... 40

Chapter 4. Scattering Theory . . . . . .. .. ... ... .. .... 44
Potential Scattering . . . . . . .. .. .. ... ... ... ... 45
Multiple Channel Scattering . . . . .. ... ... ........ 50
The Almost Local Formalism . . . .. .. ............ 57



Putting the “generic” formalisms to thetest . . . . . ... ... 61

Chapter 5. Summary and Conclusions . . . . . ... ........ 71
Appendix A. The Lee Model in the Momentum Basis . . . . .. .. 74
Appendix B. Some Useful Formulae . . . . . . ... ... ...... 77
References . . . . . . . . . . . . . .. . 82
Vita . . . . e e 86

—-vi-



Chapter 1.
Introduction and Previous Work

Introduction

Quantum scattering has been an important subject of study since the
early days of quantum physics. Unfortunately, while we have great under-
standing and intuition for simple scattering problems, such as single channel
scattering, we cannot say the same for more general scattering problems
such as multiple channel scattering, rearrangement collisions, field theoretic
scattering, problems where bound states appear, and the like. There have
been many attempts to generalize scattering theory to deal with more com-
plicated cases. However, the literature in this field, though vast, is highly
implicit. Most authors that have dealt with the problem have carried over
intuition developed from the study of single channel potential scattering.
This intuition, while quite adequate for simple problems, is ill-equipped to
deal with more complicated scattering problems. Therefore, it is important
to examine the common claim by some authors, for example Haag [1,2],
that their formalism is general enough to encompass complicated scatter-
ing problems, as well as field theory. Unfortunately, most such formalisms
are based largely on previous results from potential theory. Furthermore,
even when these problems are addressed in quantum mechanical scattering,
field theoretic scattering remains problematical. Many papers, such as the

paper by Gell-Mann and Goldberger (3], treat field theoretic scattering as
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somewhat of an afterthought, without much development from first princi-
ples, or such as the papers by Van Hove [4], treat it as a case for discussion
without any formalism. The first clear development of field theoretic scat-
tering from first principles was the seminal paper by Lehmann, Symanazik,
and Zimmerman [5]. However, contrary to usual belief, the LSZ formalism is
not applicable in many cases, for example, collisions in which stable bound
states appear. This is, in fact, pointed out by the authors themselves.

All this leads to the question: how many of our results and assump-
tions, and how much of our intuition can we carry over from simple single-
channel potential scattering to more complicated scattering situations? To
attempt to answer this question, we will construct and solve an exactly solv-
able quantum field theory. This model has a three particle sector, and allows
rearrangement collisions. We will use the solutions of this model, along with
previous results, to point out where the existing formalism has defects and
shortcomings.

Our model, which we shall call the Rearrangement Model, is based on
the Lee Model [6], but with extra particles and couplings chosen in such a
way as to allow rearrangement collisions. The couplings of the model are
B & C¢ and D & C0. This model has a sector, which we shall call the
Rearrangement Sector, B8 « C6¢ + D¢, in which rearrangement collisions
can take place. The model is intrinsically useful, as noted in the abstract,
because it is sufficiently general that it can be applied directly to physical
problems involving rearrangement collisions. We shall, however, leave the
applications to subsequent work.

We will construct the solutions of this model, and then, in the light of
the solutions we have constructed, will examine various assumptions and
assertions made in the literature about quantum scattering theory. In par-

ticular, we will focus on four key points, that of the isometry [1] of the
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Moller wave matrix [7], the normalization [1] and completeness [8] of the
asymptotic states, and the non-orthogonality of the physical B8, Cé¢, and
D¢ states [9,10]. We shall show that these assertions do not obtain in this
model. We also comment upon the use of the (renormalized) free Hamilto-
nian in the literature [1,3,8,9,11], rather than the correct prescription, which
is to use the comparison Hamiltonian (see Chapter 4). We shall also discuss
the issues of redundant poles in the S-matrix and discrete states degenerate
with the continuum.

The plan of this work is as follows. In the rest of this chapter we review
some of the relevant earlier work. In Chapter 2 we introduce the Hamil-
tonian of the Rearrangement Model, show how explicit solutions can be
found for this model in the Rearrangement Sector, and verify that the so-
lutions obtained are, in fact, solutions to our model. In Chapter 3 we show
that the solutions obtained are orthonormal and complete, write down the
Moller Matrix and the comparison Hamiltonian, and show that the com-
parison Hamiltonian is isospectral with the full Hamiltonian, but not with
the free Hamiltonian. Then we calculate the S-matrix of the system in this
sector, demonstrate its unitarity, and calculate its eigenphases. In Chapter
4 we discuss scattering theory and its relation to the solutions that we con-
structed, and to previous work. Finally, in Chapter 5, we summarize our

work and present our conclusions.



Redundant Poles and Phase Equivalent Potentials

We start by considering whether there exist non-relativistic systems for
which the S-matrix has poles corresponding to redundant states, that is,
states that are unnecessary for the completeness relation. We answer this
question in the affirmative, and find that these states do not satisfy the
Heisenberg relation. Furthermore, there exist phase equivalent systems in
which these redundant poles of the S-matrix correspond to genuine bound
states of the system, and must be included in the complete set of states. We
will follow the development of Biswas, Pradhan, and Sudarshan [12].

The Heisenberg condition (which is essentially the statement that the
poles of the S-matrix in the upper half plane of the complex momentum
variable, i.e.the physical sheet of the complex energy variable, correspond to
genuine bound states of the system; and a set of states must include these

states before it is a complete set) is:

o0
dk S (k) e'* R = c 2e"“‘"m. 1.1
/ kSR = 3 el (1.1)

If one considers a non-relativistic Schrodinger equation with an attractive
potential V(r) = —Vpe~a [13], one finds that this condition does not hold.
We can see this by constructing the S-matrix for this potential. The

Schrodinger wave function vanishing at the origin is

up(r) = i(27r)_]/2 IP_};:-T,)))I [J_,-p (ae"?r?) — Jip(a) Jip (ae—{?)] , (1.2)

and the S-matrix is

S (k)

_ Jip(a)T(1 +ip) ray—2ie
- Jf:(a)l‘(l —ip) (5) ' (1.3)

Here, the J’s are Bessel functions, p = 2ak, and a = 2ah~1\/2mV,.
The poles of the S-matrix come from two places, firstly, from Jj; = 0,

and secondly, from the poles of I'(1 + ip}. The poles of I" are the ones that
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do not correspond to genuine bound states. This is because even though
the vanishing of I'(1 + ip) allows non-trivial solutions of the Schrodinger
equation, the wave function vanishes at these points. One can show that
the completeness relation is satisfied without including these states. These
states only manifest themselves through the Heisenberg condition which, for

this potential, must be modified to [14]

0 . -1
/ dk S (k)e*R =" |cpfenlR — 27 S (%)

Furthermore, this is not all one can do. One can construct different

e *IR (1.4)
k=—ilk,|

potentials giving rise to the same S-matrix but with different completeness
relations. For example, consider s-wave scattering by the following potentials:

e—Ar

(Be=> +1)*
6(r—a) [(r . 273]
3 .
[(r - a)® + 7]
The normalized Schrédinger wave function vanishing at the origin is

1
¢ (k,r) = 5l (0] [f (k,0) f (=k,7) = f(=K,0) f(k,7)], (1.6}

a) Vi(r)=-28)% 0>8>-1,A>0, (1.5a)

(1.5b)

b) Va(r)=

where f(k,r) is the Jost function with asymptotic behaviour
lim e*" f (k,r) = 1. (1.7)
r—0Co

The S-matrix then is

f(k,0) _ f(k)

= . 1.8
F=k,0) = (=) 49
The Jost functions for these two potentials are found to be [13,15]:

2k + i (g—ji%})

S(k) =

fi(k,ry =€ T , (1.9a)
a2 — 12ik(r—a)® l2(r;a)
. 3
fa(kyr) =™ r=a) Z;Z (roa) +7° (1.9b)
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With the proper choice of o and v, both of these potentials lead to the same
S-matrix,
(2k + iv) (2k + 2N)
(2k — iA) (2k — iv)’

where v = /\g:_—} < 0. This S-matrix has two poles on the imaginary axis for

S (k) = 8 (k) = Sz (k) = (1.10)

complex momenta: one in the lower half plane with k = %u, v < 0 and the
other in the upper half plane with k£ = %,\. The latter pole should correspond

to a bound state, but for the case of potential V}, it does not because the

wave function for V; vanishes at that point.
Furthermore, when we do the completeness integrals, we find that the
residue of the integral for V; at k = %/\ vanishes, and thus the completeness

condition for that case is just
00
/ ¢1 (kr) ¢1 (kr') dk =6 (r - '), (1.11)
0

whereas for V2 the completeness condition is

. . :
/ 83 (kr) ¢ (kr') dk =6 (r — ') — ¢} (%,\,r) 2 (-;-,\,r') . (112)
0
The Heisenberg condition for the first case, consistent with its complete-
ness condition, should be
m .
/ S(k)e*  dk = 0, (1.13)
—00
whereas on actual computation one finds
oo . =Ar
/ S(k)e*" dk = —4rxApeT, B <O. (1.14)
—00

This violation is due to the presence of the redundant state. For the second
potential, the Heisenberg condition is the same as the first potential, and is
completely consistent with its completeness condition.

Another example is that of the model of [12]. Thisis a separable potential

model, and the S-matrix of this model has two redundant poles. However,
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it is possible to construct a Lee Model that has the same S-matrix, but in
which these poles correspond to genuine bound states, and are absolutely

necessary for completeness. See [12] for details.

Discrete States Buried in the Continuum

We next consider whether it is possible to have a system which has one or
more normalizable discrete states with energies that overlap the continuum.
We again answer this question in the affirmative. We follow the development
of Sudarshan [16].

A simple example of a system admitting one normalizable discrete state
with an energy that overlaps the continuum is given by a Friedrichs-Lee type

model. Its Hamiltonian is

H = aptaom + Zajfajwj + Z fi (a,-)'ao + aofa,' . (1.15)
J J

The number operator

N = agfao + zajfaj (1.16)
J

is a constant of the motion having non-negative integer eigenvalues. We
restrict ourselves to the sector with N = 1, and specify the state with the
amplitudes 1o and ;. We now let the index j take on continuous values
with the corresponding natural frequencies taking the continuum of values
0 < W < oo. The states are then represented by a vector with a component

o and a function ¥(W). The scalar product of two vectors ¢ and ¢ is

(#,6) = /0 AW gt (W) (W) + v o, (117)



and the Hamiltonian acts on the vectors in the following manner:

(Hip)g = myo + /:o dW f (W) (W), (1.18a)
(Hy) (W) = f(W)vo + Wep(W). (1.18b)

We can now solve the model in the usual manner to get the continuum

eigenvectors
Ao = ;(—')f‘%, (1.19q)
- fW)f(A)
W) =8 =Wt Ty a4 e)’ (1.196)
where

a(Z)=z—m-/0°°dW (Z -wW) ' F2(w). (1.20)

The model has a discrete state, as usual, if m is such that
a(0)=-m+ /ooo dwW w12 (W) > 0. (1.21)
Then there exists a real negative number, M, such that
a(M) =0, (1.22)

and so we have a discrete state with the eigenvector

1
MYo = W, (1.23a)
1
mP(W) = f(W)(M —w) Ja o0 (1.23b)

The continuum solutions, Eqgs. (1.19), are complete unless a(M) = 0 pro-
vided that f(W) is non-vanishingin 0 < W < oo. If such a zero exists, then
we must include Eqs. (1.23) for completeness.

If f(W) is non-vanishing for all W in the range 0 < W < oo then we

cannot have a discrete eigenvalue for M > 0. Since we want a discrete
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eigenvalue, we allow f(W) to have one zero in this domain; consequently,

a(Z) can have a zero in this range. Therefore, we take f{W) to be such that
f(M)=0, a(M)=0, (1.24)

and then there is a discrete solution of the form of Egs. (1.23) with M > 0.
This eigenvalue is degenerate; in addition to Egs. (1.23) there is a non-

normalizable solution belonging to the continuum with
Y(W)y=6(M—-W), =0, (1.25)

which corresponds to a plane wave solution.

This model admits only one such “buried” discrete solution because the
real part of o/(Z) is non-negative along the real axis and so a(Z) can have
at most one zero. If one is interested in more than one such state, one must

generalize this model. Such a model is a straightforward generalization of

Eq. (1.15) constructed by taking
H = Z aataama + zajtajo + Zf“f (a_,'faa + aaTaj) , (1.26)
o J aj

and proceeding to the continuum limit, 0 < W < oo, for W;. The states
are now represented by vectors with discrete components 1, and a complex

valued function (W). For this case, one finds simultaneous linear inhomo-

geneous equations for the eigenvectors

(A=ma)da =) Fap(A+ie)hg+ fa(M)O(N),  (1.27a)
8

A=W)p(W)=)_ f3(W)ys, (1.27b)
B

and the solutions can be found in terms of the determinants of the coeffi-

cients. The analogue of the a function defined in the first example is then a

determinant,

A(Z) = det [Zﬁaﬁ — Mabag — Fap (Z)] =det Dog (2). (1.28)
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The discrete solutions only arise when A(Z) =0 for Z < 0, and we can have
up to the range of the index a of these. Now, to get the type of solution
we want, we require that at any such solution, A = M > 0, the coupling
constants fo(M) all vanish. Then, exactly as in the first example, we have

a discrete solution whose eigenvector equations are

5 wba e s = b (W), (129
> Fag (M) Mg = (A — ma) M¥s- (1.30)

B
By suitable choices of parameters, we can have any number of discrete states

buried in the continuum.

Still another generalization is obtained by choosing
H= Za_,'fajw,' + ijfk (ajfak + alaj) , (1.31)
i Jk

with the + sign corresponding to a repulsive potential and the — sign to an

attractive potential.

We can follow precisely the same analysis as before to see that there is a

discrete solution buried in the continuum for the repulsive case. See [16] for

details.



Chapter 2.
The Model

The Rearrangement Model

To keep contact with earlier work, we shall use a combination of the
notations of [17] and [18], as far as possible. We consider a quantum field
theory with five distinct fields, B, C, D, 6, and ¢, and the corresponding
particles (no anti-particles).

The non-zero commutators are:
[B,BT] = [D,DT] = [C, cf] =1,
o), ot @)] =6 (w-w), [s0)ele)] =s(-v). 1)
Note that 8 and ¢ are labelled by continuum parameters, 0 < w,r < oo,
while A, B, and C, are treated as single modes (“infinitely heavy”) [19].
This assumption is made purely to simplify the kinematics of the problem;
no essentially new results would obtain if we were to allow these modes
to prupagate. We choose to use the energy as our variable, rather than
momentum, because this makes the model much simpler, and more physically
transparent. In Appendix A we present a short review of the Lee Model
in the usual momentum basis to make this point clear. We want a total

Hamiltonian for the system which allows the transitions
B« Cé¢,

and

- 11 -
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D« C6.

Therefore, we choose our Hamiltonian to be:
H=H+YV, (2.2)
where
Hy=mpB!B +mpDiD + / dw w8 (w)8(w) + / dvvdt()e(v), (2.3)

and

V= / dw f (w) 8(w)C DT + / dw f* ()6t w)ctD

+ / dvg(v)¢(v)CB' + / dvg* (v) 8T ()C1B. (2.4)

This Hamiltonian has three constants of motion apart from itself. They
are:

¢ =BtB+ctc+ Db, (2.50)

c,=BiB+ / dv ¢t ()e(v), (2.5b)

C;=DID+ / dw 81 (w)8(w). (2.5¢)

Therefore, no transitions can occur between sectors labelled by these
quantum numbers. Let us start by enumerat..ig the stable sectors. The first
such sector is the vacuum and has C; = C2 = C3 = 0. The next three are:
C1=1C.=0,C3=0;Cy=0,C,=1,C3=0;and C; =0,C2 =0,C3 = 1.
These correspond to the states C, ¢, and 8, respectively. Finally, there is
the sector with C; = 0,C2 = 1,C3 = 1; it corresponds to a state 6¢.

The three lowest non-trivial sectors are:
Ci=1,C;=1,C3 =0, (2.6a)
C,=1,C,=0,C3 =1, (2.6b)
Ci=1,0C=1,C3=1. (2.6¢)
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These correspond to B < C¢, D & (C6, and Bl « C6¢ «— D¢, respectively.

The last of these is the sector in which rearrangement collisions can take
place, and as mentioned before, we shall call this the Rearrangement Sector.

Our strategy for solving the model in the Rearrangement Sector will be
to first construct the solutions of the two lowest non-trivial sectors, (2.6a)
and (2.6b) (which are exactly analogous to the Lee Model), and then use

these solutions to expand the Rearrangement Sector equations.

Solving the Model

We start by constructing the solutions for the B « C¢ and D « C¥
sectors. These are exactly the same as the Lee model, so the solutions are
simple. We shall denote non-interacting (“bare”) states by single bras and

kets ({ , )), and interacting states (“dressed” or “physical”) by double bras
and kets ((( , }))-

The equations we need to solve for the continuum solutions are
HIA) = AlA)) (2.7a)
in the B « C¢ sector, and

H|p)) = plp)) (2.76)

in the D & C8 sector.
We define

w) 12
a(z)=z—-m /dwlf( )| (2.8)
v 2
B(Z)Ez—mg—/o duu, (2.9)

z2—-=V
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pr,B(v) = (Ch(v)|A)), (2.10)
pu,D(w) = (CO(w)|p)), (2.11)
o8 = (B|A)), (2.12)
ou,p = (Dlp)). (2.13)

For shorthand, we will write a(A) for a() + i€) and a*()A) for a(A — i¢), and

similarly for 8(A). In terms of these, the solutions are:

paB(v) =6(A —v) + ﬂ’g%f (2.14a)
puolw) = 8 (u =) + LLD0D. (2148
o)\B = —ﬂ—g% (2.14c)
OuD = ny—g%. (2.14d)

If a(z) develops zeros then we have additional discrete states. Similarly,
if A(z) develops zeros then again we have additional discrete states. For our
purposes, we shall always assume that both a(z) and (z) have exactly one
zero each, which are denoted by Mp and Mp, respectively. There is no loss
of generality if we use this assumption because the extension to more than

one zero is trivial. The equations for the discrete states are:
H|Mp)) = Mp|MBp)) (2.150)
in the B « C¢ sector, and
H|Mp)) = Mp|Mp)) (2.150)
in the D « C0 sector. We define
pa(v) = (Cé(v)|MB)), (2.16)
pp(w) = (CO(w)IMp)), (2.17)
Zp = (B|MBs)), (2.18)
Zp = (D|Mp)). (2.19)
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In terms of these, the normalized solutions are:

pB(v) = 23%, (2.20a)

pp(w) = 2p-2L M' @) (2.200)
-1

1zl = |1+ / du('gB( _)':)] , (2.20¢)
-1

1Zp|? = 1+ / dw(g[)(w)f )} , (2.20d)

where the last two are obtained by imposition of the orthonormality con-
dition. Note that these solutions, Eqs. (2.14) and (2.20), form a complete

orthonormal set.

Now, we use these solutions to construct the solutions in the Rearrange-
ment Sector. In this sector we will have four sorts of solutions. The first will
correspond to the “physical” |C8(w)¢(v))) sector, the second to the “phys-
ical” |Dg(v))), the third to the “physical” |Bf(w)}), and the last to one or
more dynamically generated bound states, which we shall denote by |M_j4)).
Which solution is obtained will depend on where we put the delta functions
at infinity (which represent the plane wave parts of our solutions) in our
solutions. If we put none, we get the discrete states.

We wish to solve the eigenvalue equation
H|E)) = E|E)). (2:21)

We expand Eq. (2.21) in terms of Gt(w)lf\)), Hf(w)lMB)), ¢T(V)|,u)), and
¢f(u)|M p)). By acting on these states with the Hamiltonian, and using

Egs. (2.7) and (2.15) we get
(E = X —w){(M8(w)|E)) = f* () ((\IC!DIE)), (2-22a)
(E — Mp — w)({Mpl6(w)|E)) = f* (v) ((MpICTDIE)), (2.22b)
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(E — 1 — v){(ul$(v)|E)) = ¢* (v) ((uIC BIE)), (2.22¢)
(E — Mp — v)((Mp|$(v)|E)) = ¢° (v) ((Mp|CI B|E)).  (2.22d)

We need to evaluate the unknown matrix elements on the right hand
side of Eqs. (2.22). We solve for these elements by inserting H in them,
commuting it on one side, and letting it act on |E)) on the other. For

example, we can solve for ((A|C fD|E)) in the following manner:

(AICTDH|E)) = E(AC!DIE))
= (W{#CtD + [ctD,B] }iE) = BE(AICIDIE).  (229)

We now let H in the first term of Eq. (2.23) act on ((A|, and evaluate the
commutator in the second term. We proceed similarly for the other three

equations and, when all the dust settles, get

(E - »—mp)((AcD!|B))
- / dw f () {(Al6(w)| E))

—ong’| [ dw 1) { [ a¥or a((X10)EN + Z(sl0) B}
+ [[arg o) { [ dbtowot0160)1EN + Zo(olew)EN |

(2.24a)
(E ~ Mp - mp) ({(Mp|CDI|E))
= [ du £ @) (Mpl6)IE)
- 23 [ do 1) { [ a¥ox alix160)IEN + Za(Malo) BN

+ / dv g (v) { / di'ow p((H|6(v)|B)) + Zo<<le¢<">'E>>}]’
(2.24b)
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(E - p - mp) ((ulCB|E))
= [ a9 uto)iE)

~ou,p° [ [ aw 1@ [ N (X181 + Zo(MBl8) BN}

+ [ arg){ [ do ol 166)1ED + Zo(MléIEN} .
(2.24¢)

(E - Mp —mp) ((MD|CBT|E))
- / dv g (v) ((Mplé(v)|E))

- 25 [ dw s @){ [ Nox.alNI6@IEN + Zo((Molo) B

+ [ avg@){ [ ool 18IIEN + ZooléwIEN
(2.24d)

We first solve for the “physical” |CO(w)d(v))) states. We start by in-
verting Egs. (2.22) and putting in the requisite delta functions at infinity.
Note that we have to put in two delta functions because this is an infinitely
degenerate (double) continuum, and cannot be specified by just E; rather,
we have to label the state with the variables E and n, with the n variable
representing the division of energy between the 8 and ¢ particles. We then
substitute these into the first term of each of Egs. (2.24), and solve for the
unknown matrix elements. Having found them, we put them into Eqs. (2.22)

to find our solutions. Defining

bC(E,n, \,w) = ((A|8(w)|E, n)), (2.25q)
bG(E,n, Mp,w) = ((Mp|6(w)|E, n)), (2.25b)
d®(E,n, p,v) = ((#|$(»)|E, n)), (2.25¢)
dZ(E,n,Mp,v) = ((Mp|é(v)|E,n)), (2.25d)
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we get
bC(E,n, M\ w) = 6(E — X - n)p, p(w)
It (w) ax.8"
T E-S—wrigaE -y eHn), (2260
c _ f*(w) Zp
bp(E,n,Mp,w) = (E Mp-—wtida(E-M )KC (E,n), (2.26b)
dC(E’n’”»V) = ( - n) pE—n,B(V)
g*(v) Ou,D*
- (E_”_VHE)’B(E_ )KC(E,n), (2.26¢)
9 (v) Zb___ ko (E,n), (2.26d)

dg(E,n,MD:V) (E MD_y+ze)ﬂ(E Mp )

where
L _g(E-m)fm) 1
Ko (E, )_ﬂ(E—z)a(n)v(E)’ 2 (2:27)
__1Zo] HOTE .
1O 5wyt [ MeopaEm O
_ lzslP g 1
TRl KN o e S CED

The last equality follows from Egs. (B.10).

We now solve for the “physical” |D¢(v))) sector. We again start by
inverting Eqs. (2.22), but this time substituting in just the one requisite delta
function at infinity in Eq. (2.22d). We put these equations in Egs. (2.24), and
solve for the unknown matrix elements putting in another delta function at
infinity in Eq. (2.24a) when inverting because now we must account for the

zero of a( E — ) at Mp. We then put these results in Egs. (2.22). Defining

bP(E, A, w) = ((M8(w)|E)), (2.29a)
bP(E, Mp,w) = ((Mplé(w)|E)), (2.29b)
dP(E, p,v) = ((1|$(»)|E)), (2.29¢)

dR(E, Mp,v) = ((Mpl|é(v)|E)), (2:29d)
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we get
bD(E1 ’\aw) =PD (w) 6(E A= MD)
~E _{\ _("2 ¥i9) a(%i nio(B),  (2:30a)
D f* () Zp
bp(E,Mp,w) = (E Mg —w+ie)a (E M )KD (E), (2.300)
D _ g*(v) 0uD*
dp(E,Mp,v) = pp-Mp,8 (V)
g' (v) 27 -
" (E-Mp-v+ie)B(E —DMD) b (E),(2.30d)
where

Zp g(E-—Mp)
v(E)B(E - Mp)’
and y(E) is the same as that defined in Eqs. (2.28).

In exactly the same way, we can find the solutions for the “physical”

| B#(w))) sector. They are:

Kp(E) = (2.31)

_ f*(w) o) 8"
bB(E,A,w)——(E_A_w+ie)a(E_A)KB(E), (2.32a)

bP(E, Mp,w) = pp-Mp,0 ()

(E- Jvfl;(w)w +,e)a(EZ‘M )KB (E), (2.32b)

d?(E,p,v) = pp(v)6(E — p — Mp)

- g*(v) oup* )
(E—p—v+ie)B(E— )KB(E), (2.32¢)
4 (B, Mp,v) = — Zb__kp(E), (2.32d)

“(E-Mp—v+ie)f(E- M)

where

Zp f(E - Mp)
7(E)a(E - Mp)’
and y(E) is the same as that defined in Eq. (2.28).

Finally, we wish to solve for any dynamically generated discrete states. In

Kp(E) = (2.33)

this case, we put no delta functions anywhere. When we follow the procedure
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of putting Eqs. (2.22) in Eqs. (2.24) and solving for the unknown matrix
elements, we find that the only way to satisfy all the equations is if 4(E) has

zeros. Denoting these zeros by My, we find the discrete state solutions:

AMaA) =~ B SKa (M), (2340
(M, Mayw) = ~ 77— 1{;;“’_)“ +z'e)a(MAZ}E Ty KA (M),

(2.34b)

PAMppy) = - (M), (2346)
M Mp,) =~ — T ie)ﬂ(Mf‘ﬁ Ti7KA (M),

(2.34d)

where K 4(M,) is now an arbitrary normalization factor which is fixed, when
demonstrating completeness, to be %E-l| E=M, (see the discussion after
Eq. (3.18)). For our purposes, without loss of generality, we assume that
there is only one zero of v(E), denoted by M4, and thus only one dynamically
generated discrete state. The extension to more than one discrete state is
trivial.

In each of Egs. (2.26), (2.30), (2.32), and (2.34) the superscript refers to
the sector that the solution is in, and the subscript F refers to solutions ex-
panded in the the discrete state part of the Lee Model sectors. Furthermore,
we have anticipated future developments by fixing the arbitrary constants
accompanying the delta functions in Eqs. (2.26), (2.30), and (2.32). We do
this by demanding that Eq. (2.37a) and Eq. (2.37b), or their equivalents

for the other two sectors, give the same result, and that the solutions be

orthonormal.
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Verification of the Solutions

We now proceed to verify that Egs. (2.26), (2.30), (2.32), and (2.34)
are each solutions to our problem. To do this, we first transform our so-
lutions into the bare state basis; i.e. in terms of the non-interacting states
|CO(w)é(v)), |BO(w)), and |D¢(v)), using the completeness of the lower sec-
tor solutions. With the expansion coefficients in the “physical” |CO(w)é(v)))
sector defined in the following manner (with the coefficients for the other sec-

tors defined similarly)

|E,n)) = CC(E,n,w,v)|COw)d(v))
+ B(E,n,w)|B8(w)) + DC(E,n,v)|Dé(v)), (2.35)

where
(CCSE,n,w,V))
¥C(E,n,w,v)= | DYE,n,v) |, (2.36)
BC(E,n,w)
and
CC(E,n,w,v) = (COw)$(v)|E,n))
BY(E,n,w) = (B§(w)|E, n))
DC(E,n,v) = (Dé(v)|E,n)).
we have

CC(B,nw,v) = / d) pr.5(WC(E, n, A w) + pp(v)BE(E,n, Mp,w),
(2.37a)

= [ @ pu0)d(Bn,v) + p0(w)d (B, Mp,v),
(2.37b)

DY(E,n,v) = / dp o, pdC(E,n, 1, v) + Zpd%(E,n,Mp,v), (2.37c)

BO(E,n,w) =/dAaA,BbC(E,n,,\,wHszE(E,n,MB,w), (2.37d)
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with similar equations for the other three sectors (for example, for the
“physical” |Dé(v))) sector, we would replace C¢(E, n,w,v) by C?(E,w,v),
bC(E,n,\,w) by bP(E, \,w), etc.). A good check that we have solved our
equations correctly is to verify that Eqs. (2.37a) and (2.37b) give the same
result. This is indeed completely trivial if we use Eq. (B.14).

For the “physical” |C8(w)é(v))) sector in the bare basis, we get:

*(w)g* (v)
— v+ ie)

CC (E,n,w,v) = pn,p(w)pE—n,8(v) — Kc(E,n )(E

|ox,BI o4, Dl
{/d’\(E_,\_w+ie)a(E-A)+/d“(E-p-u+ie)ﬁ(E-y)
|Zs|? + |Zp|? }
a(E — Mg)(E—-Mp—w+ie) [(E—Mp)(E—-Mp—v+ie)
(2.38a)

+

DC(E n,v) = fE ;p,.p(w)-—Ko(E n)g*(v)

low,nl? |Zp|?
{/dﬂ(E—#—VHf)ﬂ(E—u) +ﬂ(E—Mo)(E—MD-V+i6)}’
(2.38b)

BC (E,n,w) = zii ";p,; n8(v) — K¢ (E,n) f* (w)

|ox, 81 |Za]?
{/d,\ (E—-)—w+ie)a(E—A) +a(E—MB)(E-—M3—w+ie)}'
(2.38¢)

For the “physical” |D¢(v))) sector in the bare basis, we get:

C? (E,w,v) = pp (w) pe_Mp,B(v) — KD (E) (Ef:(:)—g;(:)ie)

lox, Bl lou,nl®
{/‘“(E Y —w+ i€)a(E =) /d"(E = v +i)B(E - p)
|Zg|? |Zp|? }

a(E— Mp)(E - Mp —w+ie) T B(E— Mp)(E — Mp — v +i¢)
(2.394a)

+

DP(E,v) = Zppe_mp,B(v) — Kp(E)g* (v)
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IU#,D|2 IZDI2
{/d”(E—u—v+ie)ﬂ(E-#) * ﬂ(E—MD)(E—MD—u+ie)}’
(2.39b)

BP (E,w) = pp(w)0E_Mp,B — KD (E) f* (w)

s, B |Zg|?
{/dA (E-A—w+i)a(E-)) +a(E—MB)(E—MB—w+ie)}'
(2.39¢)

For the “physical” |Bf(w))) sector in the bare basis, we get:

fr(w)g* (v)
E—w-—v+ie)

|loa,B[* low,nl?
{/‘“ (E—A—w+ie)a(E - N +/""(E—u—uiie)ﬂ<E—u)
1Z5/° s 1Zb/? }
a(E— Mp)(E— Mp—w+ie)  B(E—Mp)(E—-Mp—v+ie))’
(2.40q)

C8(E,w,v) = pp (v) pe_Mp,0 (w) — K5 (E) (

+

DB (E,v)=pp(v)og-ms,p — KB (E)g* (v)

o, 0 |Zp?
{f""(E—p—u+ie)ﬂ(E—u) +ﬂ(E—MD)(E—MD—u+ie)}’
(2.40b)

B3 (E,w) = Zppp-Mp,p (w) — Kp(E) f* ()

loa, 81 1Z5|?
{/d/\ (E-A—w+ie)a(E—-A) + a(E— Mp)(E—-Mp —w+z'e)}'

(2.40¢)
Finally, for the discrete states, we get:
A _ f*w)g* (v)
C”" (Mp,w,v) = —K4s(My) Mp—w—v
o8> / |ou,n|?
dA : + [ d .
{/ (Mg — A —w)a(My - A) F(Ma == v)B(Ma - )
4 1Z5/°
a(My — Mg)(Ms— Mp — w + i€)
1Zp? }
+ — [ 2.41a
B(Ma — Mp)(Ma — Mp — v + i) (2:410)
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DA (Ma,v) = —Ka(Ma)g* (v)

|ou,Dl? 1Zp|?
{,/d# (Ma—p—v)B(Mag—p) * B(M4s— Mp)(My— Mp — V+i€)}’
(2.41b)

B4 (My,w) = —Ka(Mjy) f* (w)

|oa,B[* 1Zs/
{/dA (Ma =X —w)a(Ma— ) | a(Ms— Mp)(Ms - Mp —w+if)}'
(2.41¢)

We now verify that Eqs. (2.38), (2.39), (2.40), and (2.41) are each solutions of
our model. To do this, we explicitly write down the analogues of Eqgs. (2.22)
in the bare basis, plug in each set of solutions in turn, and verify that the
equations are satisfied. A straightforward analysis shows that the following
equations must be satisfied in the bare basis (we have written them for the
“physical” [C'8(w)é(v))) sector, i.e. with the variable n—for the other sectors

the variable n is, of course, missing):

(E——w—u)C(E,n,w,u)=g'(t/)B(E,n,w)+f' (“")D(Evnay)a

(2.42a)
(E—mB—w)B(E,n,w)=/dug(u)C(E,n,w,u), (2.42b)
(E—mD—V)D(E,n,u)=/dwf(w)C(E,n,w,u). (2.42¢)

Putting each of Eqs. (2.38), (2.39), (2.40), and (2.41) in turn into Eqgs. (2.42),
or their equivalents for the other sectors, and using Eq. (B.14), we find that
each of these sets of solutions satisfies the equations. Incidentally, a glance
at Eqs. (2.42) immediately shows why we could not have solved the problem
directly using them rather than the somewhat convoluted method we went

through: the integral equations are not separable, and are quite intractable.



Chapter 3.
Properties of the Model and its Solutions

Orthonormality and Completeness

We now proceed to verify orthonormality and completeness of the so-
lutions Eqs. (2.38), (2.39), (2.40), and (2.41). We start by verifying or-
thonormality for the diagonal components beginning with the scalar product

(‘I’Ct(E', n',w,v), ¥¢(E,n,w,v)), which is given by
/ dw dv \PCT(E',n',w,u)\I’C(E,n,w,V)
= / dwdv CC*(E'\n',w,»)CC(E,n,w,v)
+/dtuBC‘(E',n',w)BC(E,n,w)
+ / dv DC*(E',n',v)DC(E,n,v). (3.1)
We now use Egs. (2.37) to write this as
/ dw dv ‘IICT(E', n w, z/)\I’C(E, n,w,v)
= / dwo dv [ / dN gy p(BC (B, Ny w) + plp(n)BE" (B, MB,w)]
[ / dX py p(V)BC(E,n, A w) + pB(u)bg(E,n,MB,w)]

+ / dw[ / AN o}y GO (B!, X, w) + z;;bg‘(E',n',MB,w)]

- 925 —
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[ / dA o pbC(E,n, A\, w) + Zpb%(E, n,MB,w)]
+ / dv DC*(E',n',v)DC(E,n,v). (3.2)
We then do the integrals over A and X to find
/ dw dv \IJCT(E',n',w,u)\PC(E,n,w,u)
= / d)\ dw b7 (E',n', A\, w)bC(E, n, A, w)

+/waﬁ‘(E',n’,Mg,w)b‘;(E,n, Mp,w)

+ / dv DS (E',n',v)DC(E, n,v). (3.3)
Defining
r oy = f1() gt (B —n)
L (E ,n) = ot () pH(E - n')
f(n)g(E—n)
Lz (E,n) = , 3.4
2B = e B@E ) (34
we find that the sum of the first two integrals is

fr(n) f(n)

6(E_E')5(n—n') _5(E’_n'_E+n) a* (n') a(n)

' 1 1
+h (E’n)Lz(E’n){y‘(E')a‘(E'—E+n) + 7(E)a(E—E’+n’)}
Ly (E'\n') L3 (E, n) { —1Zs[*
v* (E")v(E) o* (E' — Mp)a(E — M)

loa, Bl
_/d)‘ a*(E' - A)a(E - '\)}, (3:5)

while the third integral gives
fr(n)f(n)

5(E’—n'—E+n)W

L 1 1
- L (E,n)LZ(Es"){7.(E/)a¢(El_E+n) +7(E)a(E—E'+n’)}
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Ly (E',n') Ly (E,n)

T (E)7(E)
{ |Zp|? + |Zp|?
B(E - Mp)a*(E'—E+ Mp) p*(E'—Mp)a(E - E'+ Mp)
' I"’p',Dl2
+/"“ - a(E—E + )
I"'u,D]2
+/d"ﬂ(E—u)a'(E’—E—ﬂ)}' (3.6)

Adding Eqgs. (3.5) and (3.6) together, and doing the integrals by combining
them into a single contour integral (which evaluates simply to its residues),
we find that the only term left is §(E' — E)§(n’' —n), which is just as required.

We can similarly show that
/dwdu\IJDT(E',w,v)‘I!D(E,w,u)
= / d) dw bP*(E', A, w)bP(E, A, w)
+ / dw b2 (E', Mp,w)b2(E, Mp,w)

+ / dv DP*(E',v)DP(E, v)
—§(E' - E), (3.7)

and
/ dw dv OB (w0, 1)U (B, w,v)
= / d\dw bB(E' X, w)bB(E, \,w)
+ / dw b8*(E', Mp,w)b2(E, Mg, w)

+ / dv DB*(E',v)DB(E, v)
~§(E' -E). (3.8)

Finally,
\I/’”(MA,w,u)\I:A(MA,w,u) =1. (3.9)
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Now we move to the off-diagonal elements. For
/ dw dv \IICT(E',n',w,u)\IID(E,w, v)
= / d)\ dw b€ (E',n', A, w)bP(E, A\, w)
+ ] dw b5 (E', ', M, w)b2(E, Mp, w)
+ / dv D' (E',n',v)DP(E,v), (3.10)

we find that the third integral exactly cancels the sum of the first two, giving

us 0. We can similarly show that

/dwdu \IICT(E',n',w, UB(B,w,v) =0, (3.11)
/ dw dv \IICt(E',n',w, V)P My, w,v) =0, (3.12)
/ dw dv WP (B w0, 0)UB(E,w,v) =0, (3.13)
/ dw dv @D*(E',w, V)¥A(My,w,v) =0, (3.14)
/ dw dv \IlBt(E',w, V)P (M4, w,v) = 0. (3.15)

Therefore, the set of solutions we found, Egs. (2.38), (2.39), (2.40), and
(2.41) are orthonormal.

We now move to completeness. We wish to show that
/ dE dn ¥°(E,n,w,v)¥° t(E,n,w',u') + / dEYP(E,w, u)q’Df(E,w', V')

+ / dE G8(EByw0, )08 (B, ') + WAMA, 0,007 (Mg, 0, o)

(6(V—V’)6(w—w') 0 0 )
= 0 §(v—-1') ] . (3.16)
0 0 §(w—uw')

Let us start with the diagonal elements. The (1,1) element of the matrix
is

/ dE dn CC(E,n,w,v)CC" (E,n,u',v) + / dE CP(E,w,v)CP*(E,u' 1)
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+ / dE CB(E,w,v)CB" (E,w', 1) + CA(Ma,w, v)CA (Ma, o', ') (3.17)
These integrals are most easily done in the following manner. The first

term can be rewritten, using Eqs. (2.37), as

/ dEdn C®(E,n,w,v)C®" (E,n,w' V)
{ / dX g}y (W (B, m, M) + pig( G (B, Mg,w')}

= /dE dn {/ dA py p(V)bC(E, n, A, w) + pp(v)bE(E,n, MB,w)}.
(3.18)

One then rewrites subsequent terms in Eq. (3.17) in a similar fashion
as Eq. (3.18). Since the integrals are exceedingly tedious, we describe how
they are done, and leave it to the interested reader to verify our results. The
integrals over n are done with the help of Eq. (B.15). Then, the integrals
over E are done by converting them into contour integrals. When all the
contour integrals are combined it is found that they add together into one
large contour integral (plus the non-contributing circle at infinity), which
evaluates simply to its residues. These residues exactly cancel the other
pieces in the expression, leaving over one or more delta functions for the
diagonal terms, and nothing for the off-diagonal ones. For convenience, the
branch cuts and poles of the function Wlﬁ’ where 2 is a complex integration
variable in the contour integral, are shown in Fig. B.3.

One finds that the (1,1) term is §(w — w')§(v — v'). In doing this, one
has to fix K4(M4) = \/ d%%‘l| E=M,, which fixes the unknown normalization
constant in Eqgs. (2.34). One can similarly show that the (2,2) and the (3, 3)
terms are §(v — V') and é(w — w'), respectively.

For the off-diagonal terms, one proceeds similarly and finds that they are
all zero. Thus, our set of solutions, namely, Egs. (2.38), (2.39), (2.40), and

(2.41) is a complete orthonormal set of solutions of our model in this sector.
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The Moller Matrix and the Comparison Hamiltonian

The matrix (with continuous eigenvalues) of the eigenfunctions, including
any discrete solutions, gives us the generalized Moller Matrix by virtue of
the results already demonstrated on orthonormality and completeness [17].
It is given by

Q(E,nw,v)= (\IIC(E, n,w,v), \IlD(E, w,v), \IIB(E,w, v), \IIA(MA,w, u))
(3.19)

with components

CCéE,n,w,V) CP(E,w, v) cB E,w,v) CAMy,w,v)
DY(E,n,v) D?(E,v) DPE(E,v) DA(My,v) (3.20)
B¢(B,n,w) BP(E,w) BB(E,w) BA(M4w) )

It has the properties of being unitary
oot =1, (3.21a)
ofa=1, (3.21b)
and of diagonalizing the full Hamiltonian, H,
HQ =QHc, (3.22a)
otua = He, (3.22b)
where H¢ is called the comparison Hamiltonian. It can be calculated in the
following manner. First, we use the eigenvalue equations to write
HQ(E,n,w,v)
— (E\IIC(E,n,w,u),E\IID(E,w,u),E\IlB(E,w,u),MA\IIA(MA,w,u)) ,
(3.23)

and then act on Eq. (3.23) with ot from the left, and make use of the

orthonormality relations to get

ES§(E—-E"Y§(n—-n') 0 0 0

foo 0 ES(E - E') 0 0
HQ = 0 0 ES(E—E) 0
0 0 0 Ma
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= Ho. (3.24)

To compare Hc with the free Hamiltonian, Hy, we rewrite Hc, putting

E = n+ 7 for the (1,1) element, E = Mp + 7 for the (2,2) element, and
E = Mp + 7 for the (3,3) element, and similarly for E’. Thus, Hg becomes

n+n)8(r—7)6(n—7n') 0 0 0
( 0 (Mp+7)6(r—-17") 0 0 )

0 0 (Mg +7)6(r—17) 0

0 0 0 M,
(3.25)

The free Hamiltonian, Hp, is
(w+v)d§(w-w)é(v-1') ] 0
0 (mp+v)s(v—1') 0 .
0 0 (mp+w)é(w—uw')

(3.26)
Comparing Hc and Hyp, we see that we can identify He with Hj if we in-
clude both mass and wave-function renormalization terms in the interaction,
and ignore the discrete M4 state in Hc. The mass renormalization means
that we must add a quantity A to Hp, where A is
0 0 0
A= (0 (Mp —mp)é(v—12') 0 ) . (3.27)
0 0 (Mg -mp)é(w—-u')
The structure of our solutions, Eqs. (2.38), (2.39), and (2.40) immediately
tells us that we must have a wave function (and consequent coupling con-

stant) renormalization.

Thus, the fields B, C, D, 6, and ¢ have the wave function renormaliza-

tions
B— \/#'B= 2B, (3.28a)
Zp
D - Va'D = =D, (3.28b)
Zp
C-C, (3.28¢)
6 — 6, (3.28d)

¢ — ¢. (3.28¢)
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Because there are no proper vertex corrections, the coupling constant

renormalizations reflect the wave function renormalizations [17]

fw)—=2Zpf(w), (3.29)
g(v) — Zpg(v). (3.30)

Furthermore, as there are no divergences in this problem, the coupling
constant and wave function renormalizations are inessential, and the mass
renormalization making Hy + A identifiable with H¢ is essential only in
this sector. These renormalizations are sufficient for higher sectors as well.
The only change in the higher sectors is due to the mass renormalizations
which alter the continuum thresholds from mp and mg to Mp and Mp,
respectively, but leave everything else unaffected.

Notice that while Hc and Hp have the same structure (as long as «a
and S both have zeros, and ¥ does not), they have different spectra. Only
the double continuum 0 < n < E < oo is coextensive; the D¢ and B#@
continua are renormalized downwards from mp to Mp and from mpg to Mp,
respectively. Notice also that, contrary to conventional wisdom [1,3,11], the
Moller matrix intertwines the full Hamiltonian, H, with He, not with Hy.
However, Hc and H do have the same spectrum.

In addition, if we take the unitary transformation of Ii¢ in reverse, we

can convert the comparison Hamiltonian to the full Hamiltonian
QH-0! = H, (3.31)

and just as in the Cascade Model of [17], we find that the notion of an

interaction is basis dependent.
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The S Matrix

We have obtained one set of solutions to our problem, namely, Eqs. (2.38),
(2.39), (2.40), and (2.41). We can, of course, obtain another set in which
the reciprocals of the singular operators of the form F — w — v + ie (which
turn out to be the “in” states) in Eqgs. (2.38), (2.39), and (2.40) are changed
to E —w — v — te (which turn out to be the “out” states), while Egs. (2.41)
remain unchanged. Let us denote these solutions, and quantities associated

with them, with a prime. This new set also furnishes a Méller matrix,
@ = (9B, n,w,v), €7 (E,w,v), ¥¥ (E,w,v), ¥4 (Ma,w,v)) , (3.32)

which satisfies the same properties as the original Méller matrix, that of

unitarity
ol =1, (3.33a)
otar =1, (3.33b)
and of diagonalizing H
HQ = Q' Hc, (3.34a)
atro = He. (3.348)

The set of states, Eqs. (2.38), (2.39), (2.40), and (2.41) are such that

‘ . d(n—w)é§(E—w-—v)
lim e'fcte  HQGC(E n w,v) = 0 , (3.35a)

te=+ =00 0
. . O

lim efcte=iHtgD(p o vy = | Zp6(E-Mp—v) |,  (3.35b)
—p =00 O
» . 0

lim edcte  HtOB(E w,v) = 0 . (3.35¢)

b= Zé(E - Mp — w)
lim e'dcte= HtgAM, w,v) = T4 (M4, w, v), (3.35d)

t——o0
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of which the first three are the plane wave ideal eigenstates of the comparison
Hamiltonian. However, notice that there is the need for a wave function
renormalization in ¥2(E,w,v) and ¥B(E,w,v), and that the threshold is
renormalized in these two cases (i.e. mp — Mp and mp — Mp). Clearly,
these states are the “in” states in our problem. This is again analogous to
the Cascade Model of [17].

For ¢t — 400 for these “in” states we have

lim e'fcte " H'GC(E n w,v)

t—+4o00

L _ a’(n)f*(E—n) 2xi_f(n)g(E-n) f*(w)g"(v)
6(E-—w—v) [‘5(" w) a(mBE=n) T 7(E) a(n)B(E-n) a(w)ﬂ('/)]

= 25y e E= 12076 (E — Mp — v) 53} !
2 L= 125126 (E — Mg —w) )

lim e‘fcte _'H'lIlD(E w,v)
t—+400
i (- ) A
= Zo8(E-Mp-v) [ﬂ(u) + 25120 353 ,s(.,)] , (3.365)

Zg6(E —Mp —w .,2(’;5)|Z lz"‘a(w')'a(u)
lim c:Hct 'Ht\IIB(E w I/)

t=+00
. f(E-Mp) f*(w)g"(E~
276 (E — w - v) 7(57,,25_,”2)) a%:%f;((z-w“)’)

(3.36a)

E 2
= EE-Mp-n PR |, (3.360)
2 (5~ Mp - w)[a(w) + Flz i
‘llgl eHcte=tHIQAM L w,v) = A M4, w,v). (3.36d)
—+400

(The limits in Eqgs. (3.35) and Eqs. (3.36) are understood for multiplication
by smooth functions of w or v or both, as the case may be).
The “out” states behave in an analogous but opposite fashion to the “in

states. They behave simply for ¢ — 400, but have a complicated structure
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as t = —oo. Furthermore, the “in” states at ¢ =+ —oo and the “out” states
at t — +o0o are identical. Therefore, we can define an S-matrix, and can

compute it in one of several ways. For example, we can compute it using
Pscattered = lim (¥ (2) — ¥ (-2)), (3.37)
or we can take the scalar product of the “in” and “out” states
(v,¥) =S. (3.38)

Both methods, of course, give the same answer.

The method of the inner products is cleaner and more aesthetically sat-
isfying so we shall follow it for the calculation. The results are easily checked
by doing the calculation by the other methods.

Schematically, the S-matrix looks like (the “4” subscript means an “in”

state and the “—” subscript means an “out” state)
-{(C04|C6¢)), -((C88|D¢)), —((CH4|BA)), —((CHS|M,))
g= | -(D¢ICO¢)),  -((Dé|D¢)), -((D¢|BE)), -((Dg|Ma))
-((B6|COg)),  -((B6|D¢)), -({B8|B6)), _((BE|Mpy))
((Ma|CO¢)),  ((MalDg)),  ((Ma|B6)), ((MAIMA)()3 19)

Let us start with the (1,1) component of S. We wish to calculate

c{(E',n',in|E,n, out))

=/dwduCCl‘(E',n',w,u)CC(E,n,w,u)
+ / dw BC" (E',n',w)BC(E,n,w)
+/d1/DC"(E',n', V)DC(E,n,U). (3.40)

We rewrite Eq. (3.40) in terms of the lower sector physical states using
Egs. (2.37) to get

[awas [ [ o o3 5018 (B ) + 08 (B Ma,)]
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[ / d) pr B(V)EC(E, n, M, w) + pp(V)VG(E, n, MB,w)]

+ / dw [ / dX ohs gb°" (B, n', N, w) + zz,bC'{(E’,n',MB,w)]
[ / dAay gb(E,n,\,w) + ZpbS(E,n, Mg,w)]

+ / dv D" (E',n!,v)DC (B, n,v). (3.41)

Doing the integrals over X in Eq. (3.41) we get

Iﬂ‘(’\) ' C™* o 1y c
/d)«d/\ ﬂ(z\) /\—/\)/dwb (E',n', N, w)b™(E,n, A\ w)

+ [ b (B, M, w)$E(Bum, M)
+ / dv D" (E',n',v)DC(E,n,v). (3.42)

The sum of the first and second integrals gives

o fs o BB = n)a* (n)
(£~ E) {6 =) G E oy

2ni g(E—n)f(n)g"(E—n)f* (n’)}
7(E)B(E —n)a(n) B(E—n)a(n')

B*(E—n)f*(n) f(n)

B(E —n)a(n')a(n)

g' (' —n) f* (n')g(E—n) f(n)

B(E'—n')a(n) B(E —n)a(n)

—6(E'—n'—E+n)

+

1 1
{7(E)0(E—E'+n’) * v(E')a(E’—E+n)}
+ 1 g*(B'=n') f*(n)g(E—n)f(n)
Y(E)y(E) B(E'—n'Ya(n')B(E — n)a(n)

_ " 1 _ |Z8|*
{ [ #ensl a(F—Na(E - a(E'—MB)a(E—MB)}’
(3.43)

and the third integral gives

B*(E —n) f*(n) f(n)

(B =n' = B4n) G ) a(m)a(n)
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g (B =) f* (n) g (E —n) £ (n)
B(E —n)a(m)BE—n)a(n)

1 1
{7(E)0(E—E’+n') * v(E')a(E'—E+n)}
1 g*(B'—n') f* (W) g(E —n)f(n)
Y(EV7(E) B(E —n)a(m)A(E —n)a(n)

1 21 L -
{3 [ wionol 55— (e vm * s Evm)
_1_ ! 2 1 1 !

1Zp/? ( 1 + 1 )
3B (E — Mp) \a* (B —~E+ Mp) T a(E = E+ Mp)

+

+

4 2ol ( L + ! ) (3.44)
28(E'—Mp)\a«*(E—E' +Mp) a(E—-E'+Mp)/J

Adding Eqgs. (3.43) and (3.44), and converting the sum of the integrals

to contour integrals (which evaluate to their residues and cancel the other

terms with them inside the curly brackets), we are left with
G((E' ' in|E,n,out)) = & (E — E') {5 (n—n) BAE=m)a" ()
n Y ¢ B(E —n)a(n)
2mi g(E~n)f(n)g*"(E—n')f° (n')}
TBBE-na(m) BE-ma@) |
(3.45)

In a similar fashion, we can do all the other S-matrix elements. They are

B*(E - Mp)
B(E — Mp)
2ni|Zp|? lg (E — Mp)|* }
v(E) B(E—-Mp)B(E- Mp)]J’
(3.46)

p{(E',out|E,in))p, = 6§ (E — E') {

B((E',out|E,in))p = & (E - E') {%&—ML;’)’
27i|Zg|? |f (E - Mg)|? }
7(E) a(E_MB)a(E—MB) ’
(3.47)
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A{(MalMy4)) =1, (3.48)
' outl B in\) - = 9ris (B — B 2228 f*(E — Mp)g(E — Mp)
B((Ev tlE, ))D 2 6(E E) 'y(E) Q(E—My)ﬂ(E—-MD),
(3.49)
ZpZp f(E — Mp)g* (E - Mp)
v(E) a(E — Mp)B(E — Mp)’
(3.50)
Zp g(n)f(E—n)g*(E- Mp)
7(E)a(n)B(E —n) B(E - Mp)’
(3.51)
Zp g*(n)f*(E-n')g(E- Mp)
Y(E) a(n')B(E—n") B(E- Mp)’
(3.52)
Zp g(n)f(E—n)f* (E—-Mp)
y(E)a(n)B(E —n) a(E - Mp)’
(3.53)
Zg g*(n) f*(E—-n') f(E- Mp)
7(E) a(n')B(E-n') a(E~ Mp)’

D{(E',out|E,in)) g = 2mié (E' — E)

p{(E',out|E,n,in)), = 2mié (E' — E)

c{(E',n', out|E,in)) p = 2mié (E’ - E)

B{(E',out|E,n,in)) = 2ni§ (E' — E)

c({E',n,out|E,in)) g = 2ri§ (E' — E)

(3.54)

A((M4|E,n,in))c =0, (3.55)
c((E'\n',out|[M4)) 4 = 0, (3.56)
A{{M4[E,in))p =0, (3.57)
p((E', out|Ma)) , = 0, (3.58)
A{{M4|E,in))g = 0, (3.59)
B({E',out|M4)) , = 0. (3.60)
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Unitarity of the S Matrix

We can almost trivially show that the S matrix that we have obtained is

unitary. In equations, we wish to show that
sst=1. (3.61)
Let us calculate the (1,1) term in S§ fo1tis

SSh 1,
=§(E-E') /dn" [6 (n —n") ﬂﬂég : Z;Z(ES)
+ 2mi f*(n") f(n)g*(E—n")g(E - n)]
7(E) a(n")a(n)B(E —n")B(E —n)
" B(E — n’)a(n')
[6(" n ) B*(E —n')a* (n)
_2mi f(")fr(n)g(BE-n")g*"(E-1n ]
7: (E) at (nll) of (n’)ﬂ‘ (E _ n”)ﬂ‘ (E _ nl)

(2mi)* o o f(n)g(E—n) f*(n')g* (E —n)
“h@p E-F) @ (W8 (E =) " () 5" (E ~ )
E—-M E-M
oo e+ o g @

Doing the integral in Eq. (3.62) with the help of Eq. (B.15) we find that
the result is §( E — E')§(n — n'), exactly as desired. The rest of the terms are

done in the same way. We find

S8}, =6(E-E'), (3.63)
SShy=6(E-E), (3.64)
S8}y =1, (3.65)

with all other terms in SS* being zero, as required. Thus S§ t = 1. In the

same way, we can also show that S ts = 1, and therefore, our S-matrix is

unitary.
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Eigenphases of the S Matrix

The interesting case for the S Matrix is when E > 0 so that all channels

are open. The S Matrix must satisfy
S¢ =€, (3.66)

where |7|2 = 1, for some {. This is equivalent to the following relations
(where we ignore the discrete A channel, as it is decoupled from everything

else, and suppress §(E — E'))

_B(E-n)a(n),
B(E-n)a(n) "
_ 2mi f(n)g(E —n) {/dn’ fr(n')g*(E - n’)cnl 4z OB = Mp).

T

~ 1(E)a(r)B(E —n) a(n')B(E — n') D°8(E - Mp)
* f‘(E - MB)
+ZBC!(E——-AJBTCB}, (3.670)
,_B(E-Mp).
B(E — Mp)
_ 2mi , g(E-Mp) o f*(n")g*(E —n) « 9'(E—Mp)
B 7(E)ZDﬂ(E — Mp) {/dn a(n')B(E —n') Cw + 2 B(E — Mp) ‘o
+ Zg%%}, (3.67b)
T c:((z}:s—_ AZJ;))CB
_ 2m _ f(E— Mp)  f1(n))g*(E —n') . 9°(E — Mp)
= 32 o(E = Mp) {/ ' e BE —m) ™+ ZD G~ M) P
. ['(E — Mp)

We now define the unimodular quantities
p*(E —n)a*(n)

T(n) = B(E—n)a(n) (3.68a)

_ B (E - Mp)
=5 =MD, (3.685)
_ o' (E —- Mp) (3.68¢)

8= "0(E-Mg)
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These are the basic equations. We can solve them for continuum values or
for discrete values of the eigenphase shifts. Let us start with the continuum
values. We invert Eq. (3.67a) and put a delta function on the right hand

side along with the appropriate normalization. We then multiply both sides
of the equation by % and integrate over n to get
1o 20 [UQHENE 1O ) [y FoE )
HWEYS la(YPIBE-HPT—7(1)+ie a(n')B(E —n') "
_ (e (r)  2mi [If(D) Plg(B-D? ()
a(r)B(r)  VE)J la(D)PIBE-DPT—71(l)+7e

{Z' MCD + 2 M(B}_ (3.69)

D 8(E - Mp) B'o(E — Mp)
Defining
2 l9(E—Mp)[> op
Yy=1- Zpl?
&) P BE—Mp)Fa=op
2mi |f(E~Mpg)|* op
- Zgl? , 3.70
1B G E =M Fo=os T

we invert Eq. (3.67b) and Eq. (3.67c) to solve for the term in the curly braces

on the right hand side of Eq. (3.69), namely, 23 S G={alC p + 2 LLE=B)C 5,
and find

, 9°(E — Mp) , F*(E — Mp)
baE ) Pt PP G E—p) ®

(L [ P E =,
= (z-1) [ =y (371

Z

We now define
L owi [ FOFlE=DE () 210
X0 =1- 575 [ Yo E e O
and use this to combine Eq. (3.69) and Eq. (3.71), and find
y f*(n')g*(E —n') . 9'(E - Mp) « f'(E—~ Mp)
[ e =y R E a0t P E =)

_ 1 fr(neg)
~X(T)Za(r)B(E~T1) (3.73)
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Therefore, our continuum solutions are

(o = VT (T — 7(n))

4 2mi f(n)g(E —n) 1 f(r)g* (E-1)
Y(E) a(n)B(E —n) (7 = 7(n) + i) X(T)T a(r)B(E-7)
(3.74a)
_ 2mi g(E — Mp) 1 ff(r)g*(E-71)
b= By 2P BE M) r =y T IOXIS e fE—T) T4
_ 2mi _ f(E -~ Mp) 1 fr(r)g*(E—r1)
$p= 7(E)ZBa(E “Mg)(r =g+ i) X(1)E a(r)B(E—1) (3.74¢)

To investigate the spectrum of 7, we use the method of [17]. We define

the following quantities, taking advantage of their being unimodular:

(") = r(n), (3.75a)
e¥ = 1, (3.75b)
e¥%8 = rp, (3.75¢)

¥ =1, (3.75d)

We then put these definitions in Eqs. (3.74), and see that 7(n) = €2*®(*)
ranges continuously along a unit circle in the complex plane from 6 = 6(0)
to 8 = 6(E).

In addition, these solutions are continuum normalized

/dnc,. (r' — ie) Cu (7 + t€)
+Cp(r'—ie)Cp(r+ie)+Cp (r' —ie) Cp(r +i€)
=6(r'-1), (3.76)

and will be complete if there are no discrete zeros of X(7). If there are,
they will have to be included in the completeness identity. We now find the
number of discrete zeros of X(7), that is, the number of discrete eigenphase

shifts of our S-Matrix.
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We define
=1+z‘a:, 7_(n)zl+z'a:(n),
1-:z 1—iz(n)
14izp _1+4:izp

™D = - B = -
D=1 "%y B 1—:izp’

put these in Eq. (3.72), and take real and imaginary parts to get

_lfd, IfOPlg(E-D]* z2(1+=(1)
la(DRIB(E - D2z —z(I)+ie
2
- m(v_@) L2(1+20) ;oo (E— Mp)|

2 2 z—zp |3(E — Mp)|?
1z(l+z E— Mpg)|?
2i B)| |2II£EE—MZ;:2’ (3.77a)
o (1) Izlﬂ(E -N[? i
_ Y(E)\ 1, 2l9(E-Mp)]
= Re (27: ) 2ol 158 = )
2
nt LE N

We observe that Eq. (3.77b) is an identity, by means of Eq. (B.15). To
find the number of zeros of X(7), we multiply both sides of Eq. (3.77a) by
(z — zp)(z — zp). We then find that the highest power of r appearing in
Eq. (3.77a) is 2%, barring any higher powers contributed by the integral.
Therefore, there are at least three discrete zeros of X(7), and thus, at least
three discrete solutions which will have to be included in the completeness

identity, Eq. (3.76).



Chapter 4.
Scattering Theory

There are many different approaches to Quantum Scattering. The most
familiar of these is potential scattering. Others include the LSZ formalism,
the “almost local” formalism, the Lax-Phillips* formalism, and the Sudar-
shan approach.

The well known LSZ formalism [5), extended by Mohan [21], postulates
the convergence of the matrix elements of interacting fields to the matrix el-
ements of free fields. However, the formalism does not apply in many cases.
For example, as noted by LSZ themselves, it is inapplicable to problems in
which stable bound states exist. Trouble occurs when this point is forgot-
ten, and the formalism is extended into areas where it is inapplicable. The
“almost local” formalism due to Haag [1], Ruelle [8], Ekstein [9], Jauch [11],
Araki [22], and others tries to be general enough to consider complicated
problems [1]. Its basic idea is that it is possible to construct asymptotic in-
going and out-going states as strong limits in Hilbert space, if a certain “space
like asymptotic condition” is verified by the vacuum expectation values of
products of field operators [8]: the so called “almost local” operators [1].
The Sudarshan approach, due to Sudarshan and collaborators [23-29], takes
a very different view of scattering problems, and is quite different in spirit.
The idea is that one always works with the complete set of eigenstates of
the full Hamiltonian, H, properly labelled. This set, by definition, is both

orthonormal and complete. The matrix made up of these eigenstates is the

* Lax-Phillips [20] theory is outside the scope of this work.

— 44 -
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Moller matrix. This Moller matrix, again by definition, will diagonalize the

full Hamiltonian giving the comparison Hamiltonian. In other words,
HQ =QHc. (4.1)
This Moller matrix has the property that
oot =1, ofa=1. (4.2)

It is thus isometric and unitary, as long as we ensure that the spectra of H
and H¢ are the same, and the spectrum multiplicity is properly preserved.
The only caveat here is that not all Hamiltonians have a complete set of
eigenstates. However, almost all “reasonable” Hamiltonians will have a such
complete set.

This work is in the spirit of the Sudarshan approach. We shall restrict
our attention to potential scattering and the “almost local” formalism as they
are quite “generic”; as mentioned before, the LSZ formalism is not applicable
to situations where stable bound ¢*ates are present, such as our model.

We start with short reviews of potential scattering, for both the single
and the multiple channel cases, and the “almost local” formalism of Haag
and Ekstein. We then compare the results from these two formalisms with
the results obtained from the Rearrangement Model.

For our purposes, it makes no difference whether we use the time depen-
dent or time independent formalisms of scattering theory. We are concerned
with the assumptions and results that obtain from the formalisms, and they
remain essentially the same in both cases. We shall follow the time depen-
dent formalism: the interested reader is referred to Newton [30] for details

of the time-independent formalism.
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Potential Scattering

In this section, we follow the development of Newton [30]. We wish to
solve the Schrédinger equation
.0

i—P()=HVY (). (4.3)
at

We split H into a free Hamiltonian and an interaction Hamiltonian,
H=Hy+H'. (4.4)
We assume that this split can be carried out: we shall consider the case of

rearrangement collisions later. We define four Green’s functions

(i% - Ho) GE(t) =16(), (4.5a)
(z'gt- - H) GE(t) =16(), (4.5b)
with the initial conditions
Gt*(t)=6*(t)=0, t<0, (4.6a)
G- (t)=G"(t)=0, t>0. (4.6b)

Gt and G* are therefore the advanced Green’s functions, and G~ and G~

are the retarded Green’s functions.

These may be solved formally yielding

G* (t) = —ie”'Holg (1), (4.7a)
G~ (t) = ie~Hotg (-1), (4.7b)
Gt(t) = —ie”*H9 (1), (4.7¢)
G~ (t) =ie o (—1). (4.7d)

Let ¥4(t) be a state vector satisfying the free Schrédinger equation. The
operator G can then be used to express the state vector ¥o(t') for any time

t' later than ¢, in terms of its value at t' = ¢,

o (¢') = iG* (' —t) To(t). (4.8)
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Wo(t') then satisfies the free Schrodinger equation for ¢/ > ¢, and Wy(t') —
Wo(t) when t' — t+.

Therefore,
. + - . + —_
tl_l.%?'_ G (t) = tl_x.x&g (t) = —i1, (4.94)
tlixgl_ G (t)= tlilgl_ G~ (t) =11. (4.9%)

Similarly, for t' > ¢ we can write

U(t)=iG* (¢ —t) (), (4.10)

and for ¢ < t we have
L) (t') = —1G~ (t' —t) %o (t), (4.11a)
Y(t)=—ig= (' —t) ¥ (t). (4.11b)

We now wish to define “in” and “out” states. We start by defining
To(t)=iG*T (1 -t") T ('), (4.12)

whose time development for ¢ > #' is governed by the free Hamiltonian, but
which at time tp was equal to ¥(¢p). We now let the time, t', approach +oo.
Then, for the case of t — 400, we have the “out” state, and for the case of

t — —oo, we have the “in” state. In terms of the “in” and “out” states, the

equations for ¥(t) are

¥ (t)= T (1) + /m dt' Gt (t—t') H'Uy, (V) (4.13a)
= Uou (t) + / e dt' G~ (t —t') H'¥;, (¢') . (4.13b)

Note that these are retarded and advanced Green’s functions for the whole
system. These are not the same functions as those that appear in a (time

ordered) Dyson series which are, instead, time ordered particle propagators.
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Note also that for every state in the continuous spectrum of Hp, and only
for such states, there is a corresponding state in the spectrum of H.

If we insert Eq. (4.11b) in Eq. (4.13a), we find

¥ (t) = 0, (1), (4.14)
where

+-00
Q) =1 / d'Gt(t—t)H'G (t' - 1)

00

=1-— i/+°° dtGt (—t)H'G™ (t) (4.15)

—0

is called the wave operator or the Méller matrix. We can similarly find Q0-),

Because H' is hermitian, Eq. (4.15) gives us the relation

i (1) = o'y (1), (4.16a)
and similarly
Wout (£) = o)ty (). (4.16b)

Then, Eq. (4.14) and Egs. (4.16) give us the relations

Win (1) = 9(+)TQ<+)@in (t), (4.17a)
Wou (1) = 9<-)fn<-)\pm (). (4.17b)
We now consider the possibility that the free states ¥;,(¢) and Wou(t)

span the entire Hilbert space, i.e. they are complete. From this assumption,

we conclude that () and Q(-) are isometric,

ol Z o) lge) 2 g, (4.18)

This does not, however, mean that the Q’s are unitary: we cannot conclude

from Eq. (4.17a) that Eq. (4.18) holds with its factors of Q reversed.



49

Furthermore, because of the assumption that the ¥;, and ¥, each form

complete sets, we conclude that
HOE) = o) g, (4.19)

When there are bound states in the spectrum of H, we proceed as follows.
Let ¥o(E, a) be the eigenstates of the free Hamiltonian with eigenvalue E,
and a be the set of variables necessary to remove any degeneracy. Then, the

completeness™® of these states can be written as a resolution of the identity,

1= Z/ﬂw dE ¥y (E,a) ol (E, a). (4.20)

We then insert this into the product QQt, to get
0
af = 9/ dE Y ¥ (E,a) ¥ol (E,a)0f
0
[o o] * f
= dE Y V(E,a)¥'(E,a
[ =T eEariEe
=1-A. (4.21)

A is called the unitary deficiency of 2. From the completeness of the set
of all states, bound and scattering, of H,

A=Y w{;;,’w{;:,)t. (4.22)
n

Thus, A projects onto the space spanned by the bound states of H. If H
has no bound states, then Q(+) and 9(~) are unitary. Both H and Hj are

hermitian; therefore, the hermitian conjugate of Eq. (4.19) gives

Hol = ot (4.23)

* We again emphasize that we do not know whether the states of Ho are complete, a
priori. We are simply proceeding under that assumption.
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We now let both sides of Eq. (4.23) act on ¥(E, a) to get
Ho0l ¥ (E,a) = EQ1 U (E, a), (4.24)
which shows that if E is in the spectrum of H but not in the spectrum of
Hj then
ol e (E,a) =0,
and so
afa=o. (4.25)
Thus, the range of the operators Q%) is not the entire Hilbert space.
Instead, these operators map the whole space onto the subspace spanned by
the continuum eigenstates of H. We cannot reach the subspace spanned by
the bound states of H, and therefore, cannot construct an inverse operator
for the whole space. The closest that we can come is to use the operators

Q) f which are inverses of 2(*) on the subspace of states spanned by the

scattering states of H, and which annihilate the subspace of bound states of

H.

Assuming that the asymptotic states are complete, we construct the S-
matrix in the following manner. We use Eqs. (4.17b) and (4.14) to write the
“out” state in terms of the “in” state,

You (£) = 2O (1), (4.26)

which defines for us the S-matrix
s =) o, (4.27)
The S-matrix can be shown to be unitary and isometric. See Newton [30] for

details; note, however, that S is only unitary when 2 is unitary. This point

is not clear in Newton, or in the literature.
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Multiple Channel Scattering

The above formalism is only adequate for simple single-channel cases.
For more general scattering problems, such as rearrangement collisions, we
must generalize the formalism. We shall again follow Newton [30].

We want to split up the Hamiltonian into two pieces: one piece, H,, that
is left when the two initial fragments are taken far apart, and the remaining
piece, H,. We can then go through the same development of ¥(¢) from ¥;,(¢)
as above. However, there is a difficulty that occurs for the development for
the distant future. If rearrangements or break-ups can occur, then it is
possible that the “channel” Hamiltonian in the future is different than the
“channel” Hamiltonian in the past.

The various possibilities for an n-particle system are handled by defining
a partition of them into k clusters, denoted by a;. Given a partition a, we
define H, by allowing all distances between clusters to independently tend
to infinity. Therefore, H,; will contain only interactions that are internal to
clusters, but none between them. Then, H, is defined by the requirement

that H = H, + H., and therefore, for any two partitions a and b, we have
H =H, + H, = Hy, + Hj. (4.28)
To each partition, there will correspond Green'’s functions given by
(i% - H,,) G, (1) =16(t), (4.29)

with the same boundary conditions as Eqs. (4.6). If H,, after removing
the kinetic energy of the center of mass motion and of the centers of mass
of its clusters, has at least one bound state, it is called an arrangement
channel. When this condition on H, does not hold, the channel is not of
interest as an initial or final scattering state. If H; has more than one bound

state, then each of them defines a separate channel, and therefore, in each
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channel the clusters are in a specific bound state but moving freely relative
to one another. The channel consisting of the entire n-cluster partition is
the channel 0 because then H, = Hj.

Now consider the space of each arrangement channel a, which we shall
denote by H,. Then, if a has m fragments, each state in H; will have m
groups of bound particles. This means that unless the channel a is the entire
n-fragment arrangement channel, H, will not be the whole Hilbert space:
the ionized eigenstates of H, will be missing. Furthermore, as each H, is
defined by different channel Hamiltonians, H,, the H,;’s are generally not
orthogonal to each other. In fact, “the complete set of basis functions is not
linearly independent and, of course, not orthonormal” [32].

It will be convenient to define the orthogonal projections P, onto the

channel spaces, H;. In other words, we define
P =P, Pl=P, PHo=M,, (4.30)

with the null space of P, defined as the space spanned by the ionized eigen-
states of H,. P, projects states from the full Hilbert space, H, to the chan-
nel spaces, Hy. Obviously, for the n-cluster arrangement channel, we have
Py=1.

We now wish to define “in” and “out” states. We first define an a state,

which is a state that develops according to H, but is in H,,
(igt- - Ha) U, (a,t) =0, (4.31)

where the label a contains all the other information including the arrange-
ment channel (even though including the arrangement channel in « is redun-
dant for ¥,(a,t), it is convenient for other purposes).

We then define ¥(+)(a,1) as a state in H that develops according to H,

(i% - H) ™) (a,t) =0, (4.32)
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and for which there exists an a-state such that

lim (\1' (a,8), T (a,t)) = 1. (4.33)

t——o00
Therefore, the state ¥4(a, t) is the “in” state ¥;,(a,t) in relation to the state

¥(+)(a, ). Eq. (4.33) demands that the probability of finding the system in

state ¥4(a,t) in the remote past approach 1, and therefore, it is equivalent

to
\I’¢(I+) t—=2w v, (aa t) ’ (4340-)
or
/ dtiGH (t —t) ¥ (a,t) 2o Tin(at), (4.34b)
with the double arrow denoting the strong limit.
Similarly,
/ dt' (=) G5 (t—t) ¥ (a,t') 1 2o Four(a,t). (4.35)

Exactly analogous to Egs. (4.13), we can now write

+o0
¥ (,t) = Win (,t) + [ dt' G* (t — ') HyWip (o, t'),  (4.36a)

-—00
+o0

) (a,t) = Pour (o, t) + / dt'G™ (t —t') H,Wou (a,t') . (4.36D)

We can now define the Moller matrices, and the S-matrix. The Moller

matrices are defined by
0% (a,t) = QB0 (o, 1), (4.37)

with only those states ¥, admitted which are in H,. On the orthogonal

complement (i.e. the ionized eigenstates of H,) Q) is defined to be zero,

Q(z‘-')pa = ),
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Then, on the space M,, using Eq. (4.36a), we find

Ql(1+) =P, + Kl£+)9
KM = — / dt G+ (~t) H .G (t) P,

0
= —i / dt Bt H e~ et P,
)
and therefore,

QY = Lim eHte—iHetp, (4.38)

{et—=00

We can similarly find, on H,, that

Q) = lim e'#te*Hetp,, (4.39)

t—oo

The range of Q.(,+) is the space of all full states that develop from ar-
rangement channel a, and the range of Q) is the space of all full states
that develop into arrangement channel a. Let us call these ranges 'R,(,'” and
'Rf,—), and their respective orthogonal projections Q,(,+) and QS,—) . The Méller
matrices, Q&) map H, onto RZ, and from Eqs. (4.37) we find that on 'R,(.'H

and R.(._) , respectively,
To (001) = Tip (@,2) = 299 (a,)
= Wout (a,t) = o) g=) (a,t). (4.40)

Therefore, because the ¥,(a,t) span the space H,, we find that the

Moller matrices, Qf,i) , are partially isometric from the space H,, i.e.
a®To® _ p,. (4.41)

Similarly, the Q,(fh)T are partially isometric from the ranges 'R,(,:h) of the Q)

t.e.

a®a! _ o (4.42)
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which defines the Qf.*). The full states developing from or into any arrange-
ment channel are orthogonal to each other as can be seen by direct evaluation
of the inner products of asymptotic states. “If the two arrangement channels
are different, then there must be at least one particle for which the “overlap”
of the two states was negligible in the remote past because it belonged to a
different fragment. Hence that inner product must vanish for all times” [33].

A major point of difference with our results from the Rearrangement

Model is the statement, “note that the same argument shows that the inner

product
(T4 (B,t), ¥a(a,t)) (4.43)

approaches zero as t — oo (for a # b). But since H, # Hp, it is not
independent of ¢ and hence it does not generally vanish for finite times”
(emphasis added) [33]. In the Rearrangement Model, this is untrue: we
showed in Chapter 3 that our states are all orthogonal to each other.

From the Schrédinger equation, one can write

HOE —oF g, (4.44)

which means that § intertwines H and H,. This again is a major difference
with the Rearrangement Model, because we showed in Chapter 3 that Q2
intertwined H and Hc, where Hc was the comparison Hamiltonian, which
had the same spectrum as H; here, H; does not have the same spectrum as
H.

Our channel definitions could also include the single cluster arrangement
channel, which is the channel of all the n-particle bound states of H. If we
define A to be the orthogonal projection onto that subspace, then for all a

we have

QFA =o0. (4.45)
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Now, every non-bound state must be decomposable into states that arise

from, or go into, one of the other arrangements. Therefore, we assume
A+) QM =1, (4.46)
a

which is known as asymptotic completeness.
Using Egs. (4.39), (4.44), and (4.46), we may then define a unitary S-

matrix,
TH) (a,t) 1 2o Tour () =) Sia¥a(a,t), (4.47)
b

where ;
Spe = 7 0P, (4.48)

The discussion in the previous two sections is supposed to be very gen-
eral. In fact, even though the method described above deals with the non-
relativistic region, “the formalism set up is such that, provided there exists a
consistent relativistic quantum field theory, the transition to the relativistic
domain is relatively simple” [34]. However, we find that even in such a sim-
ple model as the Rearrangement Model, these anticipations are not fulfilled.
We can, indeed, find a fully orthonormal and complete basis. The formalism

above leads to wrong and contradictory results, as will be discussed iater in

this chapter.
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The Almost Local Formalism
In an attempt to avoid splitting up the Hamiltonian, Haag and Ek-
stein proposed the “almost local” formalism. Following the development

of Haag [1], we define a kind of “almost local” product between Heisenberg

states. This product refers to a time, ¢, and we denote it

U (4.49)

We define it by considering two states, »() and ) with Ny and N,
particles, respectively. If their wave functions at time ¢ are 1/)51)(5:'1 ooy EN)

and 1/),(2)(5:'2, ..., TN,), respectively, then
¥ = (V) ®) e (4.50)

is a state with N; + N, particles with a Schrédinger wave function at time ¢

given by

¢l (Els se 7£N1+N2)
=cY (-1 y{M (:,;:l e ,5,,,,1) e (5,Nl+,,... ,5r~,+~2) . (4.51)

The sum in Eq. (4.51) refers to the permutations of coordinates of identical
particles. Using the Heisenberg picture, we can work out how 1 depends on
time
e ®) (@) = il (e—ilhw(l) (© e-emd,(z)) ’ (4.52)
and use this information to work out the asymptotic states.
Suppose that there is a Heisenberg state composed of the fragments ¢,

n, etc. Then, the product state is
¥ W g7 @ . (4.53)
We now use Eq. (4.52), and take the limit as ¢t —» —oo to get

t_li!_l_loolllc O w7 O =y, )0, (4.54)
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where |(,7,.. .)(") means the Heisenberg state initially composed of the frag-
ments {, 7, etc. We argue that this is true because as t — oo, the interactions
between fragments become negligible because all the wave packets, ¢SC)(5),
¢v,(") (%), etc., describing the asymptotic center of mass motion of the frag-
ments will have dissolved completely, and the probability of finding two or
more fragments within a finite distance of each other in configuration space
will be zero. Therefore, asymptotically, Eq. (4.53) will no longer change with
time, and thus the strong limit in Eq. (4.54) exists. A similar argument can
be made for the asymptotic state when ¢ — +o0.

The purpose of deriving Eq. (4.54) is that “it is easily applied to more
complex collision problems (e.g., quantum field theory with bound states)
in which our intuition is not as well developed as in nuclear physics. The
only thing needed on the side of the formalism is a suitable definition of the
product operation and this is not difficult to find, since it has to satisfy only
some qualitative criteria and one therefore has a large amount of freedom in
the choice” [35].

The physical situation expressed by the product operation is this: Sup-
pose ¢; and ¢ are two states localized at time ¢ within two volumes V; and

V2, respectively, which are far apart. Then
1 ¥ (4.55)

describes a “doubly localized” state in which the situation within Vj is de-
scribed by ¥ and within V; by 1. This expression has physical meaning only
when the two volumes are far apart; when the volumes are close together,
the definition is arbitrary.

One now goes on to show the orthonormality and completeness of the
asymptotic states. From the physical meaning of the asymptotic product we

find, as long as the localization volumes of two states, 1; and 3, are far
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apart at time ¢, that
1 © gy =%y O oy, (4.56)

the + sign applying for Bose statistics and the — sign for Fermi statistics.

Using this we can: define the scalar product

(1 © Woln © ) = (W) |v1)(Wolvh2) £ (9] [h2) (W3 eh1). (4.57)

Eqgs. (4.56) and (4.57) can be checked in wave mechanics. From Egs. (4.52)
and (4.54) we get

Py = ginm< [(e=#49¢)) @ (e m))]

’[(e_i”'lf)) @ (e""'ln))]>. (4.58)

Because, for large values of |t|, only the asymptotic product enters, we now

apply Eq. (4.57) to Eq. (4.58) to obtain
'Oy = (16 In) £ () (7'I€), (4.59)

with an analogous result for [$n{)).

To write the orthogonality relations in a general way, we imagine that
to every particle type a there corresponds some complete orthonormal basis
of states |ak), each k referring to a complete orthonormal system of center
of mass wave packets. We abbreviate a configuration ak, 8l,... by a single

Roman letter a. Then, for Bosons, if the state ak appears n,; times in the

configuration, we define
la)) = (naxtng!...) " |ak, B1,.. (1)), (4.60)

and therefore,

(a(+)|b(+)) = (a(-)lb(“)) = 6ab- (461)

Thus, the states |a(*)) and |a(~)) each form an orthonormal basis system.



60

Completeness cannot be proved in this formalism because “we must have
some general knowledge about the spatial form of e*#*4 for an arbitrary state
¢ at large times” [36]). Nevertheless, Ruelle extends Haag’s work by postu-
lating the completeness of the “in” and “out” states so that “Haag’s pro-
gramme may be carried through rigorously in the framework of the Garding-
Wightman axioms” [37). In fact, we find in our simple model, with generic
form factors, that these asymptotic states are not complete, and are also not
normalized.

The S-matrix is isometric since, by definition, S maps each |a(+)) to
the corresponding |a(~)), and they are supposed to be orthonormal. The
unitarity of S follows from the assumption that the |a(~)) and the |a(t)) sets
of basis states are complete.

For the case of field theory, the extension is carried out in the following
manner. Suppose ¢3 is a state describing one real particle localized at posi-
tion £ at time ¢ = 0. We want this state to be created by a creation operator

gg such that
2 = ¢210). (4.62)

This equation does not determine g because it fixes just one column of the

infinite matrix g. The natural definition of the product of single particle

states,

03 O 4%, = qz ¢3,10), (4.63)

1

is therefore ambiguous. This ambiguity is removed (essentially by fiat) by
defining the creation operators in such a way that only those operators
“which are expressible in terms of the basic field quantities of a small space-
time environment of the point Z, ¢t = 0” [38] are admissible. Such an operator

is called “almost local.” The rest of the formalism follows the analysis above.
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Note that this formalism can only handle particles with Bose and Fermi
statistics. Particles with exotic statistics [39] cannot be handled by this type

of formalism.

Putting the “generic” formalisms to the test

Potential scattering and the “almost local” formalism have the following

protocol for generic scattering systems:

1. They do not use the comparison Hamiltonian

2. The asymptotic states are orthonormal [1,8,30]

3. The completeness of the asymptotic states is postulated [1,30]

4. For the case of potential scattering only, the Moller Matrix (de-
fined as limy_ 100 ' te~iH0t) is jsometric but not necessarily uni-

tary [1,30].

We shall take up these points one by one, and put them to the test by

comparing them to the results explicitly obtained from our model.

1. It is essential when taking the limits, limy_ 4o ' te~*#0! ¥ where
¥ is either a wave function or a field operator, that the continuous
spectra of H and Hy coincide. If they did not there would be
wild oscillations while taking the limit, and the limit would not
exist. It is for this purpose that Hy is mass-renormalized to
H|. However, in general, this is still not enough. It is perfectly
possible, if there are bound states or unstable particles in the
spectrum of H, that no amount of tinkering with Hg will make
its spectrum coincide with H. This can be seen by inspection

of Egs. (3.25) and (3.26). No amount of renormalization of Hy
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can give us the discrete M4 state present in H¢, but this may be
ignored because My is a discrete point eigenvalue. On the other
hand, we do have the possibility of a continuous spectrum in H
corresponding to the scattering states involving physical B or D
particles.

However, unlike H and Hy, H and Hc are guaranteed to be
isospectral because Hc is obtained by diagonalizing H. There-
fore, it is Hc, and not Hp, that is the proper starting point
for any scattering scheme, perturbative® or otherwise. In simple
cases such as when stable bound states are not present, or field
theory with no bound states or unstable particles, Hc can be
identified with the renormalized Hp, as noted in the section The
Moller Matrix and the Comparison Hamiltonian in Chapter 3.

In fact, even in cases where (formally) no splitting is made,
i.e. no explicit mention or use is made of an Hy, there is still
the implicit use of Hy because, commonly, asymptotic particles
are defined as solutions of free particle equations like the Klein-
Gordon equation.

2. Both formalisms assert the orthonormality of the asymptotic
states, and the result is supposed to be generic. In Eqs. (3.35), we
have obtained the asymptotic states of the Rearrangement Model
according to both formalisms. Yet, as we can see from a glance
at the Haag-Ruelle asymptotic wave functions, Eqs. (3.35), the

asymptotic states do not form an orthonormal set.** This lack

* The method for obtaining the correct spectrum of H by perturbation theory is discussed
in the work of Sudarshan, Chiu, and Bhamathi [31].
** This point should not cause confusion. Our full states, namely, Eqs. (2.38), (2.39),
(2.40), and (2.41) are, indeed, all orthonormal to each other, as was shown in Chapter 3.
As a result, we have orthonormal sets of “in” and “out” states. However, when we calculate



63

of orthonormality stems from a factor of the wave function renor-
malization constant that appears in each of the asymptotic wave
functions. This factor is not a mistake: if it were not present, the
interacting states would not be orthonormal.

3. As mentioned earlier, Ruelle extends Haag’s work by postulating
the completeness of the “in” and “out” states [8]. This is also
postulated in simple potential scattering [30]. This postulate is
necessary to prove that the S-matrix is unitary. Again, simply by
inspection of Egs. (3.35), we can see that the asymptotic states
of the Rearrangement Model, according to these two formalisms,
are not complete.§

4. In potential scattering the Moller matrix, €2, can be defined using
the full interacting wave functions so that it is isometric even in
the presence of bound states [1]. We see that the Haag-Ruelle
asymptotic solutions, Eqgs. (3.35), obtained by the use of 2, are
certainly not orthonormal, whereas the original interacting wave
functions were; therefore, our Moller matrix is not isometric, 1.e.

it is not norm preserving,

All this points out the importance of the correct normalization of the
state vectors, a point already considered by DeWitt [40]. However, his work
is not applicable in the case of bound states. The question of the correct
description of the asymptotic states was also considered by Van Hove in

his papers on the description of “persistent interactions” [4]. However, as

the Haag-Ruelle type asymptotic states according to either of the formalisms, we find that
they are not orthonormal.

§ Again, this point should not cause confusion. Our full states, Eqs. (2.38), (2.39), (2.40),
and (2.41) are complete, as was shown in Chapter 3. As a result, our “in” and “out” states
form complete sets. However, the set of Haag-Ruelle type asymptotic states calculated
according to either of the two formalisms is not complete.
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noted in those papers, the formalism developed there also does not deal with
cases involving bound states, and does not deal with field theoretic scattering
except for a few comments at the end.

In the multichannel case (such as rearrangement collisions), in the “chan-
nel Hamiltonian” formalism, the statement is made that the basis states of
one group of channels are not orthogonal to the others [9,10,30] because they
are eigenstates of different free Hamiltonians. As we can see, in our model,
the physical states C0¢, D¢, and B are strictly orthogonal to each other.
Evidently, this problem arises due to the use of “channel Hamiltonians” in
the formalism. It is our belief that the method of splitting up the interaction
differently depending on which channel one is considering is fundamentally
flawed because “every channel can be distinguished and is observable inde-
pendently in experiments. This means that these channels should be orthog-
onal to each other” [41]. One method for ensuring orthonormality is given
in [41); however, this method still suffers from the flaws pointed out above.

It is straightforward to see the problems caused by this lack of orthog-
onality. We are instructed, in these formalisms, to begin with asymptotic
states. Let us first consider the “channel Hamiltonian” formalism. Then,
the asymptotic states are the eigenstates of the “channel Hamiltonian” in

the sector we are considering. As an example, let us consider
|Mp8(w))) — |Mpé(v))), (4.64)

where Mp is the physical B particle and Mp is the physical D particle.
We immediately notice, even before we consider any scattering, that the
|Mp6(w))) state is not orthogonal to the |Mp#(v))) state, as can be seen by
inspection of Egs. (2.16), (2.17), (2.18), (2.19), and (2.20). In other words,
two experimentally distinct channels are not orthogonal to each other. This

will clearly lead to the wrong S-matrix elements because it says that even
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if there is no scattering, there is a non-zero probability that the |Mp6(w)))
state will turn into the [Mpé(v))) state. We cannot even argue that the two
states are “asymptotically orthonormal” [9] because they clearly are not.
This can easily be seen by observing that both |[Mp6(w))) and |[Mpé(v)))
have expansion coefficients in the “bare” |C8(w)¢(v)) sector. Therefore, as
these states are neither orthonormal nor complete, we cannot have an isomet-
ric or unitary S-matrix, since orthonormality is necessary for isometry, and
completeness for unitarity. However, we have constructed a set of orthonor-
mal (and complete) solutions for our system, a feat that many authors [42]
tacitly assume is not possible, and have a perfectly isometric and unitary
S-matrix.

Similar problems also arise in the “almost local” formalism. Even if we
give that formalism the benefit of the doubt, and say that its asymptotic
states are the exact asymptotic states that we constructed (and thus orthog-
onal but not normalized, instead of neither orthogonal nor normalized), the
above problems still occur. Since the asymptotic states are not complete,
the S-matrix is not unitary; since they are not orthonormal, the S-matrix is
not isometric.

These problems with the S-matrix can be verified by explicit calculation.
Since the calculation is tedious, we describe the method, and leave it to
the interested reader to verify the results. Our interest is in the scattering
of physical states, and so we must start by re-expressing the Hamiltonian,
Eqgs. (2.3) and (2.4), in terms of the operators which create the physical B and
D particles. We denote these operators by B and D, respectively. They are
found by inspection of Egs. (2.16), (2.17), (2.18), (2.19), and (2.20), which
are the wave functions for the physical particles. To find the expressions
for these operators, we promote the states |C¢(v)), |C6(w)), |B), and |D)

to operators, all acting on the vacuum, and read off the expansions for the
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operators B and D. In other words,
gt = / dv pp(v)Clot ) + 28T, (4.65a)

pt = / dw pp (w) C1oT () + zpDH. (4.65b)

We re-express the Hamiltonian in terms of these operators, which can be split
into various channel Hamiltonians, from which the S-matrix is calculated.
As a physical example, consider the case of a proton bound to a fixed
nucleus by a potential Vp, and bombarded by a neutron which interacts
with the proton and the nucleus through the potentials Vpy and Vi, respec-

tively [41]. The total Hamiltonian of the system is
H=Kp+Ky+Vp+Vy+ Vpn, (4.66)

where Kp and Ky are the kinetic energy of the proton and the neutron,

respectively. The initial state, denoted by @, ;, is given by

H 9, ;= Ei®,,, (4.67)
where
H=H, +W, (4.68a)
Hy=Kp+ Ky + Vp, (4.68b)
Vi=Vpny +Vn. (4.68c¢)

Therefore, the initial state, ®,;, is a product of a bound proton, ¢>g(E,-B )s
and of a free neutron (represented by a plane wave), uy(E; — EP), where

E,B is the binding energy of the proton.

Several possible reactions can occur giving rise to different final products.

Let us consider four such reactions.
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1. Elastic or inelastic collisions.

The proton remains bound to the nucleus, and the neutron
is free after the collision. Therefore, the Hamiltonian is divided
in the same manner as above.

2. Exchange scattering.
The neutron knocks out the bound proton and becomes bound

to the nucleus. The Hamiltonian is then divided as:

H = Hy + V3, (4.69a)
Hyo=Kp+ Ky +Vy, (4.69b)
Vo =Vpy + Vp. (4.69c¢)

Therefore, the final state is

Hy® ;= Esdy (4.70a)
@ =up (Br - EF) o (EF). (4.708)

3. Ionization.

The neutron knocks out the bound proton and both are free

after the collision. The Hamiltonian is then divided as:

H=H; +V3, (4.71e)
H3; = Kp + Ky, (4.71b)
Vi =Vpy +Vp+ Vy. (4.71¢)

Therefore, the final state is

H3®; f = Ef®;3 g, (4.724)
¥y =up (Ef)un (E; - Ef). (4.72b)

4. Pickup.
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The proton and the neutron become bound and form a deu-

teron. The Hamiltonian is then divided as:

H=Hy+ V4, (4.73a)
Hy=Kp+ Ky + Vpy, (4.73b)
Vi =Vp + Vn. (4.73c)

Therefore, the final state is

Hy®4,5 = Efdyy, (4.74a)
@45 =ue (X, By - EF) 6By (r.EF). (4.74b)

Here, X is the center of mass coordinate of the deuteron, and r

is the internal coordinate of the deuteron.

The final states given by Egs. (4.70), (4.72), and (4.74), are eigenstates
of different free Hamiltonians. Thus, in general, they are not orthogonal to
each other, and the concomitant problems follow.

The reason that these methods do not work properly is that the basis used
is one in which bound-state eigenfunctions of the Hamiltonians that bind each
fragment are multiplied by plane waves for the fragment motion [30]. In our
model, because we have made no breakup, we get the physically reasonable
result that the wave functions of the bound states are always orthogonal
to the scattering states, and that the basis states of different channels are
explicitly orthogonal to each other. We do not have to worry about making
the explicit assumption that as the separation between the fragments goes
to infinity, the overlap becomes negligible. This assumption may or may not
be true, and leads to the problems with “persistent interactions” considered
by Van Hove [4].

We compare the results from the two formalisms with those from the

Rearrangement Model in Table 4.1.
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Property Potential | Almost Local | Rearr.

Scattering | formalism Model
Asymp. states norm.? Yes Yes No
Asymp. states orthog.? Yes Yes Yes
Asymp. states compl.? Yes Yes No
? isometric? Yes N/A No
S-matrix unitary? Yes Yes Yes
Hc used? No No Yes

Additional property for the multiple-channel case

Phys. states orthog.? No No Yes

Table 4.1: Comparison of the properties of the Rearrangement Model to
various scattering formalisms.

In addition, even when it is not stated explicitly in the literature, it is
often assumed that the spectra of the bound states and the scattering (con-
tinuum) states do not overlap. As reviewed in Chapter 1, we can construct
models in which the spectra of one or more bound states overlap with the
continuum. Therefore, this assumption is not necessarily true, and will in
general depend upon the details of the model under consideration. We also
reviewed in Chapter 1 a demonstration of how two different potentials can
lead to the same S-matrix with, in one case, redundant poles unnecessary for
completeness, and in the other case, with the same poles being absolutely
necessary for completeness. This points out the need for resisting the almost
irresistible temptation to identify the poles of the S-matrix with physical
bound states of the system.

More importantly, no authors have as yet worried about the evident
normalization problem with the asymptotic states because they are always
assumed to be normalized. These states are not normalized in the Rearrange-

ment Model, and consequently, assuming orthonormality of the asymptotic
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states, in general, is very dangerous. In addition, we notice that in this model
even though the asymptotic states are not normalized, the interacting states
are.

One approach that tries to avoid all these problems, especially in the
cases of unstable particles and bound states, is that of analytic continua-
tion [17,23,27,28,43,44] of the state space H into a generalized vector space
G. This has already been done for the case of the Lee model by Par-
ravicini, Gorini, and Sudarshan [24], and by Bohm [45]. For instance, with
this method, one can identify resonances and redundant poles, and study
the decay of a metastable quantum system. It can also be used for many
other things, such as studying the Khalfin observation that the decay of a
metastable system with an energy spectrum bounded from below can never

be strictly exponential [46]. See the above references for details.



Chapter 5.
Summary and Conclusions

In this work, we constructed a model that allows rearrangement colli-
sions. We explored the spectra and the complete set of orthonormal (ideal)
eigenfunctions of this Rearrangement Model in the Rearrangement Sector.
Because of the structure of the effective Hamiltonian in this sector, we were
able to solve the model exactly. In a similar fashion as for the Cascade
Model [17], we find that the spectra can be interpreted as a B particle with
energy Mp < 0 coupled to a 6 particle with energy w, 0 < w < co0; a D par-
ticle with energy Mp < 0 coupled to a 8 particle with energy v, 0 < v < oo;
and a C particle of energy 0 coupled to 8 and ¢ particles with energies w
and v, 0 < w,v < co. We see that the interacting field theory has a particle
interpretation.

Both the B and the D particles suffer mass renormalizations, and these
mass renormalizations alter the threshold of the B# and D¢ continua, re-
spectively. In Eqgs. (2.39b) and (2.40c), we also see the presence of both the
mass and wave function renormalizations of the B and D particles in the
plane wave parts of their respective wave functions.

We have throughout emphasized the importance of using the comparison
Hamiltonian (the diagonalized form of the effective Hamiltonian) because it
is isospectral with the full Hamiltonian. Its spectrum differs from that of
the free Hamiltonian by the alteration of the Bf and D¢ continua, and by
the addition of a discrete A state. These effects are non-perturbative and, as
emphasized in Chapter 4 and in [17], can only be handled by a renormalized

perturbation scheme in which H¢, not Hy, is taken as the starting point.

-71 -
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Our results are surprising when compared to what we would expect from
conventional scattering theory. We find that while the interacting state vec-
tors are normalized, the asymptotic states are not. Moreover, the asymptotic
states are neither orthonormal nor complete. We also find that our physical
C8¢, D¢, and B states, while being the basis states for different channels,
are strictly orthogonal to each other. Further, the Moller matrix in this model
is not isometric: it does not preserve the norm of the states. All these results
are contrary to the two formalisms of quantum scattering theory we consid-
ered. However, these problems are not just special to these two formalisms.
Almost every approach to quantum scattering theory makes similar, or the
same, assumptions, especially about the isometry of the Méller wave matrix,
and the orthonormality and completeness of the asymptotic states. In addi-
tion, we reviewed the existence of potentials possessing redundant poles in
their S-matrices. These make problematic the identification of poles of the
S-matrix with genuine bound states of the system. We also reviewed the
existence of potentials possessing bound states “buried” in the continuum.
These make problematic the assumption that the energies of bound states

are distinct from the continuum.

More generally, we argued that the correct procedure, for any Hamilto-
nian, H, is to take its complete set of eigenstates, and an associated isospec-
tral comparison Hamiltonian, H¢. The matrix of normalized eigenfunctions
of H constitutes the generalized Méller matrix, which is unitary and inter-

twines H and Hc¢.

This model is a very simple one. However, even this simple model is
enough to show the problems with conventional perturbation theory, and
the conventional formulations of scattering theory. It is clearly necessary

in the light of this model, and previous work (some of which was reviewed
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in Chapter 1) on the existence of redundant poles in the scattering am-
plitude [12,13] and the presence of discrete solutions degenerate in energy
with the scattering continuum [16,47], that a fundamental re-examination
be made of some of the postulates and assumptions of conventional quantum

scattering theory.



Appendix A.
The Lee Model in the Momentum Basis

If we solve the Lee Model in the momentum basis, we find that the
results are much more complicated and do not allow for transparent physical
interpretation. To show how much more complicated the model becomes in
the momentum basis, we solve the model in this basis. Our analysis follows
Schweber [48], with slight changes in notation.

Consider the Hamiltonian

H = Hy + Hy, (A1)
with
Hy = my, / dpVip)V(p) + my, / dp N1 (p)N(p)
+ / dk wial (k)a(k) (A.2a)
and

fi(k?)
H = (2103/2 /dk /
{vieIN® - Kak) + N(p - el (V(P)},  (a:20)

where the field operators V, N, and a are for the V, N and 6 quanta,
respectively, and obey the usual commutation relations. wg is the energy
of the 8 particle with mass g9 and momentum k; it can be taken to be
relativistic or non-relativistic as desired. Ag is the coupling constant defining
the strength of the interaction, and fi(k?) = f(wk) is a cutoff function

describing the size of the region over which the interaction takes place.

- 74 -



75

This Hamiltonian, apart from the total momentum operator P, also has

the following constants of motion:
@ = [ap (ViEVE + VENE), (4.3a)
@: = [ap NN ) - [ dkat)ago. (A4.36)

We can therefore label the eigenstates of H by these quantum numbers.

To solve this model (see Schweber [48] for details) we expand physical
states in terms of bare states in the following manner, taking advantage of
the fact that only states with the same eigenvalue of @1 and @2 can occur

in the expansion:

| ) =8050)+ [dpato9 ) Vip)io) + -

\/—,n—,/pn- /dpm/dql- /dQn/dk]' /dk:

Q(m”l)(pla yPm;d1, - aqn)kla - 1 (A4)

Assuming that the V particle is stable, and defining

Ao’ |f (wie) |2
F(z)= —P | dk ————— A5
() (27)3 2wy (wx — ) (4.5)
(analogous to a and £ in the Rearrangement Model), the solutions are:
A
— 7,1/2 AL
'Vp)) - ZV {IVP) + (271')3/2
f (wi)
dk Np_x,0k);, (A6

/ ’_2wk(mv—mN—wk)| k k)} (A.6a)

INQ7 ok)) = IN(b ek)

’\0 f(wk) 1 T
+ Gy Vo mn T i’ (@ K)[0), (460)

where one finds

my =my, — F(my —mny), (A.7a)

ZyvT =1+ (ZF) , (A.7b)
T I=my-—my
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and
1 Vo) = 1 1
my +wyx — H + i€ a+k G4 (wx)my +wy —my
Ao ' S (wir)
{IVq+k) + o3z (2 )3/2 dk \/szr(wk — Wyt + 1€) INQ'H(—'R”ok')}a (A.8a)
with
Ao / ' |f (wi) |2 1
G =1 dk .(A.8b
+ () + (2m)3 (my —my — wi) 2w (W — wir + 1€) (4.86)

Looking at these solutions, and comparing them with the Lee Model
solutions that we used for the lower sector of the Rearrangement Model,
Egs. (2.14), we can see that the latter are much simpler and more easily
understood. It therefore behooves us to absorb the coupling constants, phase
space factors, and other miscellaneous objects in H into one “form factor”
function, and work in the energy basis where things are much simpler and
the physical interpretation is much more transparent.

Finally, let us look at (Schweber’s result for) the amplitude for N§ — N6
scattering. Defining S, = 6(a — b) — 2mié(E, — Ep)Ryq, we find
1

2 2
Zv Ao |f (“-’k)' 5G) (k +q- k' - ql)

(Nq’v 0k'|R|Nq, 0k) =

(273 2wy my + wg — my
-1
ZVAU / |f (w") |2 (mV —mN — wk) (A 9)
(27r)3 2w" (my —my —w") (wx —w" +i€) | '

Notice that this result is independent of the direction of the momentum.
Therefore, there is only s-wave scattering, just as in the Cascade model of

Chiu, Sudarshan, and Bhamathi [17], and in our Rearrangement Model.



Appendix B.
Some Useful Formulae

The following formulae are very useful for the calculations in the main

text. By our definitions in Chapter 2, we have the following ranges for our

variables:
0< A< oo, (B.1)
0L pu< oo, (B.2)
0<n< oo, (B.3)

with E being free to run over all values.
We then have the easily proved identities

lg(N)? = % B(A) - B*(N)], (B.4)
If () 2= é%z:[a(p)—a‘ (W), (B.5)
gMPF _ 1 [ 1 1
B(A2 T 2m {ﬂ(,\) B* (A)]’ (B.6)
WPk _ 1 [1 1
la ()2~ 2mi [a(n) o (u)] ’ (B.7)
lg(BE-NF _ 1 1 ' D
'ﬂ(E—/\)lz— 2 _,B(E_,\) ﬂ‘(E—/\)j IZB|6(E A MB)s
(B.8)
f(E-p)? 1 [ 1 1
m_ _% _a(E—#) - Ot‘(E—,u)j "IZD|25(E—#—MD).
(B.9)

The equations (B.8) and (B.9) follow because E— A and E—u can be less than
zero, and thus pick up singularities at Mg < 0 and Mp < 0, respectively.

-77 -
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C,

Figure B.1: Contour for Eq. (B.10a)

On the other hand A and u are always greater than or equal to zero, and so
cannot pick up any singularities.

Another useful identity is

lg(M))? 1 |Zp|?

vE) = [ ‘“mu)lza(E ytaw-im B9
Fl 1 1Zol?

= [ W FEBE-p T BE-Mp) (B0

We can easily show this by means of the contours in Fig. B.1 and Fig. B.2.

If we convert the integral in Eq. (B.10a) into a contour integral by using
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> Ca
B'\N(UW
Mo X
_ E-Mg \
> -
Cs

Figure B.2: Contour for Eq. (B.10b)

Eq. (B.6), we get

~ 1 |25/’

with the contour shown in Fig. B.1. Then, we make a change of variables

from z to E — z to get

1 1 |Zp|?
(‘5;-) D S @ E = T a(E = Mp)’ (B.12)

with the contour shown in Fig. B.2. Now we deform the contour C4 and

write it as the contour Cj plus the circle at infinity, while picking up the
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contributions from the residues of the integrand. Note that the circle at

infinity gives no result, so we have

( 2m’)( D=1 f 4 a(z)ﬂ(E—z)+( 2m‘)( D) T E - p)
2 2
+ ("5117;) (=1)(~1) (27i) a(éz_’flMB) + a(éZfIMB). (B.13)

The Zp terms cancel, and the first two terms are Eq. (B.10b), by definition.
Therefore, Eq. (B.10a) is equal to Eq. (B.10b), and the identity is established.

We can similarly show that

/d/\lg(/\)l2 1 1
IB(A)|2a(E = A) (XA —v+ie)
- [l L 1
(W) PBE - (E—p-vTi) a(E-n)A®)
+ |Zp|? _ 1Z
B(E~Mp)(E-—Mp—-v+ie) a(E—Mp)(E-—Mp—w+ie)

(B.14)

Using Egs. (B.7), (B.8), and (B.10) we can get another useful formula

/ i [ ()Pl (B —n) |2
la(n) 2B (E —n) 2
_AE) =7 (E) |5 alg(E=MD)P ) oIf (E - Mp)’
(=2mi) PUBE-Mp) P~ P la(E-Mp)*
(B.15)

Finally, in Fig. B.3, we display the branch cuts and poles of 7(1;5 which

are used in showing the completeness of our solution set.
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Min(MB ’MD ,O)

ec—@d%mW

M,

Figure B.3: Contour for the function 71—5
¥z}’
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