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We present an exactly solvable quantum field theory which allows rearrangement
collisions. We solve the model in the relevant sectors and demonstrate the ortho-
normality and completeness of the solutions, and construct theS-matrix. In light of
the exact solutions constructed, we discuss various issues and assumptions in quan-
tum scattering theory, including the isometry of the Mo¨ller wave matrix, the nor-
malization and completeness of asymptotic states, and the nonorthogonality of
basis states. We show that these common assertions are not obtained in this model.
We suggest a general formalism for scattering theory which overcomes these and
other shortcomings and limitations of the existing formalisms in the
literature. © 1996 American Institute of Physics.@S0022-2488~96!01602-5#

I. INTRODUCTION

Quantum scattering has been an important subject of study since the early days of quantum
physics. Unfortunately, while we have a reasonable understanding and intuition for simple scat-
tering problems, such as single channel scattering, we cannot say the same for more general
scattering problems such as multichannel scattering, rearrangement collisions, field theoretic scat-
tering, problems where bound states appear, and the like. There have been many attempts to
generalize scattering theory to deal with more complicated cases. However, the literature in this
field, though vast, is highly implicit and not constructive. Most authors that have dealt with the
problem have carried over the intuition developed from the study of single channel potential
scattering. This intuition, while quite adequate for simple problems, is ill-equipped to deal with
more complicated scattering problems. Therefore it is important to examine the common claim by
some authors, for example, Haag,1,2 that their formalism is general enough to encompass compli-
cated scattering problems, as well as field theory. Unfortunately, most such formalisms are based
largely on previous results from potential scattering. Furthermore, even when these problems are
addressed in quantum mechanical scattering, field theoretic scattering remains problematical.
Many papers, such as the paper by Gell-Mann and Goldberger,3 treat field theoretic scattering as
somewhat of an afterthought, without much development from first principles, or such as the
papers by Van Hove,4 treat it as a case for discussion. The first clear development of field theoretic
scattering from first principles was the seminal paper by Lehmann, Symanzik, and Zimmerman
~LSZ!.5 However, the LSZ formalism is not applicable in many cases, for example, collisions in
which stable bound states appear. This is, in fact, pointed out by the authors themselves.

All this leads to the question: how many of our results and assumptions, and how much of our
intuition can we carry over from simple single channel potential scattering to more complicated
scattering situations? To attempt to answer this question, we will construct an exactly solvable
sector for a quantum field theory. This model has a three particle sector, and allows rearrangement
collisions. We will use the solutions of this model, along with previous results, to point out where
the existing formalism has defects and shortcomings.
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Our model, which we shall call the rearrangement model, is an elaboration of the Lee model,6

and the cascade model,7 but with extra particles and couplings chosen in such a way as to allow
rearrangement collisions. The couplings of the model areB↔Cf andD↔Cu. This model has a
sector, which we shall call the rearrangement sector,Bu↔Cuf↔Df, in which rearrangement
collisions can take place. The model can be applied directly to physical problems involving
rearrangement collisions. We shall, however, leave the applications to subsequent work.

This model is interesting because it is a very simple one, and yet contains the essence of many
phenomena that can take place in an interacting system. It displays the following characteristics:

~1! New states can appear, which have no corresponding states in the original Hamiltonian.
~2! The thresholds and continuous spectra shift, and the spectra ofH andH0 arenot the same.

Furthermore, the continuous spectra are shifted by different amounts.
~3! Genuine rearrangement collisions can take place. We have the subadditivity of the spectra: the

spectra in the higher sectors is the sum of all the spectra in the lower sectors, with possible
additional terms.

We will construct the solutions of this model, and then, in light of the solutions we have
constructed, will examine various assumptions and assertions made in the literature about quantum
scattering theory. In particular, we will focus on four key points, that of the isometry1 of the
Möller wave matrix,8 the normalization1 and completeness9 of the asymptotic states, and the
nonorthogonality of the physicalBu, Cuf, andDf states.10,11We shall show that these assertions
are not obtained in this model. We also comment on the use of the~renormalized! free Hamil-
tonian in the literature,1,3,9,10,12rather than the correct prescription, which is to use the isospectral
comparison Hamiltonian~see Sec. VIII!.

The plan of this work is as follows. We start with a review of scattering theory in both the
single channel and multiple channel cases. In the next three sections, we introduce the Hamil-
tonian of the rearrangement model, show how explicit solutions can be found for this model in the
rearrangement sector, and verify that the solutions obtained are, in fact, solutions to our model. We
then show that the solutions obtained are orthonormal and complete. The Mo¨ller matrix and the
comparison Hamiltonian are written down, and we show that the comparison Hamiltonian is
isospectral with the full Hamiltonian, but not with the free Hamiltonian. Then we calculate the
S-matrix of the system in this sector, demonstrate its unitarity, and calculate its eigenphases. In
Sec. XII, we present a general formalism for scattering theory which overcomes the shortcomings
and limitations of the existing formalisms in the literature. In Sec. XIII we discuss scattering
theory and its relation to the solutions that we constructed, and to previous work. Finally, in Sec.
XIV, we summarize our work and present our conclusions.

II. THE SINGLE CHANNEL FORMALISM

For our purposes, it makes no difference whether we use the time dependent or time indepen-
dent formalisms of scattering theory. We are concerned with the assumptions and results that are
obtained from the formalisms, and they remain essentially the same in both cases. We shall
therefore restrict ourselves to the time dependent formalism in Secs. III and IV. We follow the
treatment of Newton13 for both sections.

The discussion in Secs. III and IV is supposed to be very general. In fact, even though the
method described deals with the nonrelativistic region, ‘‘the formalism set up is such that, pro-
vided there exists a consistent relativistic quantum field theory, the transition to the relativistic
domain is relatively simple.’’14 However, we find that even in such a simple model as our rear-
rangement model, these anticipations arenot fulfilled. This formalism leads to wrong and contra-
dictory results, as will be discussed in Sec. XIII.

We wish to solve the Schro¨dinger equation
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i
]

]t
C~ t !5HC~ t !. ~2.1!

We splitH into a free Hamiltonian and an interaction Hamiltonian,

H5H01H8. ~2.2!

We assume that this split can be carried out: we shall consider the case of rearrangement collisions
later. We define four Green’s functions:

S i ]

]t
2H0DG6~ t !51d~ t !, ~2.3a!

S i ]

]t
2H DG 6~ t !51d~ t ! ~2.3b!

with the initial conditions

G1~ t !5G 1~ t !50, t,0, ~2.4a!

G2~ t !5G 2~ t !50, t.0. ~2.4b!

G1 and G 1 are therefore the advanced Green’s functions, andG2 and G 2 are the retarded
Green’s functions.

These may be solved formally, yielding

G1~ t !52 i e2 iH0tu~ t !, ~2.5a!

G2~ t !5 i e2 iH0tu~2t !, ~2.5b!

G 1~ t !52 i e2 iHtu~ t !, ~2.5c!

G 2~ t !5 i e2 iHtu~2t !. ~2.5d!

LetC0(t) be a state vector satisfying the free Schro¨dinger equation. The operatorG1 can then
be used to express the state vectorC0~t8! for any timet8 later thant, in terms of its value att85t,

C0~ t8!5 iG1~ t82t !C0~ t !. ~2.6!

C0~t8! then satisfies the free Schro¨dinger equation fort8.t, andC0(t8)→C0(t) when t8→t.
Therefore,

lim
t→01

G1~ t !5 lim
t→01

G ~ t !52 i1, ~2.7a!

lim
t→02

G2~ t !5 lim
t→02

G 2~ t !5 i1. ~2.7b!

Similarly, for t8.t we can write

C~ t8!5 iG 1~ t82t !C~ t ! ~2.8!

and for t8,t we have

C0~ t8!52 iG2~ t82t !C0~ t !, ~2.9a!
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C~ t8!52 iG 2~ t82t !C~ t !. ~2.9b!

We now wish to define ‘‘in’’ and ‘‘out’’ states. We start by defining

C0~ t ![ iG1~ t2t8!C~ t8!, ~2.10!

whose time development fort.t8 is governed by the free Hamiltonian, but which at timet0 was
equal toC~t0!. We now let the timet8 approach6`. Then, for the case oft→1`, we have the out
state, and for the case oft→2`, we have the in state. In terms of the in and out states, the
equations forC(t) are

C~ t !5C in~ t !1E
2`

1`

dt8 G 1~ t2t8!H8C in~ t8! ~2.11a!

5Cout~ t !1E
2`

1`

dt8 G 2~ t2t8!H8C in~ t8!. ~2.11b!

Note that these are retarded and advanced Green’s functions for thewhole system. These arenot
the same functions as those that appear in a~time ordered! Dyson series which are, instead, time
orderedparticle propagators. Note also that for every state in the continuous spectrum ofH0, and
only for such states, these formulas define a corresponding state in the spectrum ofH.

If we insert Eq.~2.9b! in Eq. ~2.11a!, we find

C~ t !5V~1 !C in~ t !, ~2.12!

where

V~1 !512 i E
2`

1`

dt8 G 1~ t2t8!H8G2~ t82t !512 i E
2`

1`

dt G 1~2t !H8G2~ t ! ~2.13!

is called the wave operator or the Mo¨ller matrix. We can similarly defineV~2!.
BecauseH8 is Hermitian, Eq.~2.13! gives us the relation

C in~ t !5V~1 !†C~ t !, ~2.14a!

and similarly

Cout~ t !5V~2 !†C~ t !. ~2.14b!

Then, Eq.~2.12! and Eqs.~2.14! give us the relations

C in~ t !5V~1 !†V~1 !C in~ t !, ~2.15a!

Cout~ t !5V~2 !†V~2 !Cout~ t !. ~2.15b!

We now consider the possibility that the free statesCin(t) andCout(t) span the entire Hilbert
space, i.e., they are complete. From this assumption, we conclude thatV~1! andV~2! are isometric,

V~1 !†V~1 !5V~2 !†V~2 !51. ~2.16!

This does not, however, mean that theV’s are unitary: we cannot conclude from Eq.~2.15a! that
Eq. ~2.16! holds with its factors reversed.
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Furthermore, granted the assumption that theCin and Cout each form complete sets, we
conclude that

HV~6 !5V~6 !H0 . ~2.17!

When there are bound states in the spectrum ofH, we proceed as follows. LetC0~E,a! be the
eigenstates of the free Hamiltonian with eigenvalueE, anda be the set of variables necessary to
remove any degeneracy. Then, the completeness of these states can be written as a resolution of
the identity

15(
a

E
0

`

dE C0~E,a!C0
†~E,a!. ~2.18!

We again emphasize that we do not know whether the states ofH0 are complete,a priori. We are
simply proceeding under that assumption. We then insert this into the productVV† to get

VV†5VE
0

`

dE(
a

C0~E,a!C0
†~E,a!V†5E

0

`

dE(
a

C~E,a!C†~E,a!512L.

~2.19!

L is called the unitary deficiency ofV. From the completeness of the set of all states, bound
and scattering, ofH,

L5(
n

Cbd
~n!Cbd

~n!†. ~2.20!

Thus,L projects onto the space spanned by the bound states ofH. If H has no bound states, then
V~1! andV~2! are unitary. BothH andH0 are Hermitian; therefore, the Hermitian conjugate of Eq.
~2.17! gives

H0V
†5V†H. ~2.21!

We now let both sides of Eq.~2.21! act onC~E,a! to get

H0V
†C~E,a!5EV†C~E,a!, ~2.22!

which shows that ifE is in the spectrum ofH but not in the spectrum ofH0 then

V†C~E,a!50,

and so

V†L50. ~2.23!

Thus, the range of the operatorsV~6! is not the entire Hilbert space. Instead, these operators
map the whole space onto the subspace spanned by the continuum eigenstates ofH. We cannot
reach the subspace spanned by the bound states ofH, and therefore, cannot construct an inverse
operator for the whole space. The closest that we can come is to use the operatorsV (6)† which are
inverses ofV~6! on the subspace of states spanned by the scattering states ofH, and which
annihilate the subspace of bound states ofH.

Assuming that the asymptotic states are complete, we construct theS-matrix in the following
manner. We use Eqs.~2.15b! and ~2.12! to write the out state in terms of the in state,

Cout~ t !5V~2 !V~1 !C in~ t !, ~2.24!
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which defines for us theS-matrix

S[V~2 !†V~1 !. ~2.25!

TheS-matrix can be shown to be unitary and isometric. See Newton13 for details; note, however,
that S is only unitary whenV is unitary. ~This point is not clearly stated in Newton, or in the
literature.!

Some mathematical questions about convergences arise in the above. Conventionally, in the
Schrödinger picture~the one in which we are currently working!, one demands that~see Newton13

for details!

lim
t→2`

@C~ t !2c in~ t !#⇒0, ~2.26a!

lim
t→1`

@C~ t !2cout~ t !#⇒0, ~2.26b!

lim
t→2`

c in~0!⇒C~0![V~1 !c in~0!, ~2.26c!

where⇒ denotes the strong limit.
We will find, in our model, that if we construct the asymptotic in and out states correctly, these

limits will be satisfied; however, the states will not be orthonormal or complete. On the other hand,
if we make the usual assumptions of scattering theory, namely that the asymptotic states are
orthonormal and complete, then these limits will not be satisfied.

III. THE MULTIPLE CHANNEL FORMALISM

The above formalism is only adequate for simple single channel cases. For more general
scattering problems, such as rearrangement collisions, we must generalize the formalism. We shall
again follow Newton.13

We want to split up the Hamiltonian into two pieces: one piece,Ha , that is left when the two
initial fragments are taken far apart, and the remaining piece,Ha8 . We can then go through the
same development ofC(t) from Cin(t) as above. However, there is a difficulty that occurs for the
development for the distant future. If rearrangements or breakups can occur, then it is possible that
the ‘‘channel’’ Hamiltonian in the future is different than the channel Hamiltonian in the past.

The various possibilities for ann-particle system are handled by defining a partition of them
into k clusters, denoted byak . Given a partitiona, we defineHa by allowing all distances between
clusters to independently tend to infinity. Therefore,Ha will contain only interactions that are
internal to clusters, but none between them. Then,Ha8 is defined by the requirement thatH 5 Ha

1 Ha8 , and therefore, for any two partitionsa andb, we have

H5Ha1Ha85Hb1Hb8 . ~3.1!

To each partition, there will correspond Green’s functions given by

S i ]

]t
2HaDG6

a~ t !51d~ t !, ~3.2!

with the same boundary conditions as Eqs.~2.4!. If Ha , after removing the kinetic energy of the
center of mass motion and of the centers of mass of its clusters, has at least one bound state, it is
called an arrangement channel. When this condition onHa does not hold, the channel is not of
interest as an initial or final scattering state. IfHa has more than one bound state, then each of
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them defines a separate channel, and therefore, in each channel the clusters are in a specific bound
state but moving freely relative to one another. The channel consisting of the entiren-cluster
partition is the channel 0 because thenHa5H0 .

Now consider the space of each arrangement channela, which we shall denote byHa . Then,
if a hasm fragments, each state inHa will havem groups of bound particles. This means that
unless the channela is the entiren-fragment arrangement channel,Ha will not be the whole
Hilbert space: the ionized eigenstates ofHa will be missing. Furthermore, as eachHa is defined
by different channel Hamiltonians,Ha , theHa’s are generally not orthogonal to each other. In
fact, ‘‘the complete set of basis functions is not linearly independent and, of course, not
orthonormal.’’15

It will be convenient to define the orthogonal projectionsPa onto the channel spaces,Ha . In
other words, we define

Pa
25Pa , Pa

†5Pa , PaHa5Ha , ~3.3!

with the null space ofPa defined as the space spanned by the ionized eigenstates ofHa . Pa

projects states from the full Hilbert spaceH to the channel spacesHa . Obviously, for the
n-cluster arrangement channel, we haveP051.

We now wish to define in and out states. We first define ana state, which is a state that
develops according toHa but is inHa ,

S i ]

]t
2HaDCa~a,t !50, ~3.4!

where the labela contains all the other information including the arrangement channel~even
though including the arrangement channel ina is redundant forCa(a,t), it is convenient for other
purposes!.

We then defineC~1!~a,t! as a state inH that develops according toH,

S i ]

]t
2H DC~1 !~a,t !50, ~3.5!

and for which there exists ana state such that

lim
t→2`

~Ca~a,t !,C~1 !~a,t !!51. ~3.6!

Therefore, the stateCa(a,t) is the in stateCin~a,t! in relation to the stateC~1!~a,t!. Equation
~3.6! demands that the probability of finding the system in stateCa(a,t) in the remote past
approach 1, and therefore, it is equivalent to

Ca
~1 ! ⇒

t→2`

Ca~a,t ! ~3.7a!

or

E dt iGa
1~ t2t8!C~1 !~a,t8! ⇒

t→2`

C in~a,t !, ~3.7b!

with the double arrow denoting the strong limit.
Similarly,
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E dt8~2 i !Ga
2~ t2t8!C~2 !~a,t8! ⇒

t→2`

Cout~a,t !. ~3.8!

Exactly analogous to Eqs.~2.11!, we can now write

C~1 !~a,t !5C in~a,t !1E
2`

1`

dt8 G 1~ t2t8!Ha8C in~a,t8!, ~3.9a!

C~2 !~a,t !5Cout~a,t !1E
2`

1`

dt8 G 2~ t2t8!Ha8Cout~a,t8!. ~3.9b!

We can now define the Mo¨ller matrices, and theS-matrix. The Möller matrices are defined by

C6~a,t !5Va
~6 !Ca~a,t !, ~3.10!

with only those statesCa admitted which are inHa . On the orthogonal complement~i.e., the
ionized eigenstates ofHa! V~6! is defined to be zero,

V~6 !Pa5V~6 !.

Then, on the spaceHa , using Eq.~3.9a!, we find

Va
~1 !5Pa1Ka

~1 ! ,

Ka
~1 !52 i E

2`

`

dt G 1~2t !Ha8G
2
a~ t !Pa52 i E

2`

0

dt eiHtHa8 e
2 iHatPa ,

and therefore,

Va
~1 !5 lim

t→2`

eiHt e2 iHatPa . ~3.11!

We can similarly find, onHa , that

Va
~2 !5 lim

t→`

eiHt e2 iHatPa . ~3.12!

The range ofVa
(1) is the space of all full states that develop from arrangement channela, and

the range ofVa
(2) is the space of all full states that develop into arrangement channela. Let us call

these rangesRa
(1) andRa

(2), and their respective orthogonal projectionsQa
(1) andQa

(2). The
Möller matricesV~6! mapHa ontoRa

6, and from Eqs.~3.10! we find that onRa
(1) andRa

(2),
respectively,

Ca~a,t !5C in~a,t !5V~1 !†C~1 !~a,t !5Cout~a,t !5V~2 !†C~2 !~a,t !. ~3.13!

Therefore, because theCa(a,t) span the spaceHa , we find that the Mo¨ller matricesVa
(6) are

partially isometric from the spaceHa , i.e.,

Va
~6 !†Va

~6 !5Pa . ~3.14!

Similarly, theVa
(6)† are partially isometric from the rangesRa

(6) of theV~6!, i.e.,

Va
~6 !Va

~6 !†5Qa
~6 ! , ~3.15!
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which defines theQa
(6). The full states developing from or into any arrangement channel are

orthogonal to each other as can be seen by direct evaluation of the inner products of asymptotic
states. ‘‘If the two arrangement channels are different, then there must be at least one particle for
which the ‘overlap’ of the two states was negligible in the remote past because it belonged to a
different fragment. Hence that inner product must vanish for all times.’’16

A major point of difference with our results from the rearrangement model is the statement,
‘‘note that the same argument shows that the inner product

~Cb~b,t !,Ca~a,t !! ~3.16!

approaches zero ast→6` ~for aÞb!. But sinceHaÞHb , it is not independent oft and hence it
does not generally vanish forfinite times’’ ~emphasis added!.16 In the rearrangement model, this is
untrue: we show in Sec. VII that our states are all orthogonal to each other.

From the Schro¨dinger equation, one can write

HVa
~6 !5Va

~6 !Ha , ~3.17!

which means thatV intertwinesH andHa . This again is a major difference with the rearrange-
ment model, because we show in Sec. VII thatV intertwinesH and HC , whereHC is the
comparison Hamiltonian, which has the same spectrum asH; here,Ha does not have the same
spectrum asH.

Our channel definitions could also include the single cluster arrangement channel, which is the
channel of all then-particle bound states ofH. If we defineL to be the orthogonal projection onto
that subspace, then for alla we have

Qa
~6 !L50. ~3.18!

Now, every nonbound state must be decomposable into states that arise from, or go into, one of the
other arrangements. Therefore, we assume

L1(
a

Qa
~6 !51, ~3.19!

which is known as asymptotic completeness.
Using Eqs.~3.12!, ~3.17!, and~3.19!, we may then define a unitaryS-matrix,

C~1 !~a,t ! ⇒
t→2`

Cout~ t !5(
b

SbaCa~a,t !, ~3.20!

where

Sba5Vb
~2 !†Va

~1 ! . ~3.21!

The mathematical questions of convergence are the same here as for the single channel case,
as in Eqs.~2.26!.

IV. THE REARRANGEMENT MODEL

To keep contact with earlier work, we shall use a combination of the notations of Refs. 7 and
17, as far as possible. We consider a quantum field theory with five distinct fields,B, C, D, u, and
f, and the corresponding particles~no antiparticles!.

The nonzero commutators are
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@B,B†#5@D,D†#5@C,C†#51,
~4.1!

@u~v!,u†~v8!#5d~v82v!, @f~n!,f†~n8!#5d~n82n!.

Note thatu andf are labeled by continuum parameters, 0,v,n,`, while B, C, andD are
treated as single modes~‘‘infinitely heavy’’ !.18We choose to use the energy as our variable, rather
than momentum, because this makes the model much simpler, and more physically transparent.
We want a total Hamiltonian for the system which allows the transitions

B↔Cf

and

D↔Cu.

Therefore, we choose our Hamiltonian to be

H5H01V, ~4.2!

where

H05mBB
†B1mDD

†D1E dv vu†~v!u~v!1E dn nf†~n!f~n! ~4.3!

and

V5E dv f ~v!u~v!CD†1E dv f * ~v!u†~v!C†D1E dn g~n!f~n!CB†

1E dn g* ~n!f†~n!C†B. ~4.4!

This Hamiltonian has three constants of motion apart from itself. They are

C15B†B1C†C1D†D, ~4.5a!

C25B†B1E dn f†~n!f~n!, ~4.5b!

C35D†D1E dv u†~v!u~v!. ~4.5c!

Therefore, no transitions can occur between sectors labeled by different values of these quan-
tum numbers. Let us start by enumerating the stable sectors. The first such sector is the vacuum
and hasC15C25C350. The next three are:C151, C250, C350; C150, C251, C350; and
C150,C250,C351. These correspond to the statesC, f, andu, respectively. Finally, there is the
sector withC150, C251, C351; it corresponds to a stateuf.

The three lowest nontrivial sectors are

C151, C251, C350, ~4.6a!

C151, C250, C351, ~4.6b!

C151, C251, C351. ~4.6c!
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These correspond toB↔Cf, D↔Cu, andBu↔Cuf↔Df, respectively. The last of these is the
sector in which rearrangement collisions can take place, and as mentioned before, we shall call
this the rearrangement sector.

Our strategy for solving the model in the rearrangement sector will be to first construct the
solutions of the two lowest nontrivial sectors, Eqs.~4.6a! and~4.6b! ~which are exactly analogous
to the Lee model!, and then use these solutions to express the rearrangement sector equations.

V. SOLVING THE MODEL

We start by constructing the solutions for theB↔Cf andD↔Cu sectors. These are exactly
the same as the Lee model, so the solutions are simple. We shall denote noninteracting~‘‘bare’’ !
states by single bras and kets~^,&!, and interacting states~‘‘dressed’’ or ‘‘physical’’! by double bras
and kets~^^,&&!.

The equations we need to solve for the continuum solutions are

Hul&&5lul&& ~5.1a!

in theB↔Cf sector, and

Hum&&5mum&& ~5.1b!

in theD↔Cu sector.
We define

a~z![z2mD2E
0

`

dv
u f ~v!u2

z2v
, ~5.2!

b~z![z2mB2E
0

`

dn
ug~n!u2

z2n
, ~5.3!

rl,B~n![^Cf~n!ul&&, ~5.4!

rm,D~v![^Cu~v!um&&, ~5.5!

sl,B[^Bul&&, ~5.6!

sm,D[^Dum&&. ~5.7!

For shorthand, we will writea~l! for a~l1i e! anda* ~l! for a~l2i e!, and similarly forb~l!. In
terms of these, the solutions are

rl,B~n!5d~l2n!1
g* ~n!sl,B

l2n1 i e
, ~5.8a!

rm,D~v!5d~m2v!1
f * ~v!sm,D

m2v1 i e
, ~5.8b!

sl,B5
g~l!

b~l!
, ~5.8c!

sm,D5
f ~m!

a~m!
. ~5.8d!
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If a(z) develops zeros then we have additional discrete states. Similarly, ifb(z) develops
zeros then again we have additional discrete states. For our purposes, we shall always assume that
botha(z) andb(z) have exactly one zero each, which are denoted byMD andMB , respectively.
There is no loss of generality if we use this assumption because the extension to more than one
zero is trivial. The equations for the discrete states are

HuMB&&5MBuMB&& ~5.9a!

in theB↔Cf sector, and

HuMD&&5MDuMD&& ~5.9b!

in theD↔Cu sector. We define

rB~n![^Cf~n!uMB&&, ~5.10!

rD~v![^Cu~v!uMD&&, ~5.11!

AZB[^BuMB&&, ~5.12!

AZD[^DuMD&&. ~5.13!

In terms of these, the normalized solutions are

rB~n!5AZB
g* ~n!

MB2n
, ~5.14a!

rD~v!5AZD
f * ~v!

MD2v
, ~5.14b!

ZB5F11E dn
ug~n!u2

~MB2n!2G
21

, ~5.14c!

ZD5F11E dv
u f ~v!u2

~MD2v!2G
21

, ~5.14d!

where the last two are obtained by imposition of the orthonormality condition. Note that these
solutions, Eqs.~5.8! and ~5.14!, form a complete orthonormal set.

Now, we use these solutions to construct the solutions in the rearrangement sector. In this
sector we will have four sorts of solutions. The first will correspond to the physicaluCu~v!f~n!&&
sector, the second to the physicaluDf~n!&&, the third to the physicaluBu~v!&&, and the last to one
or more dynamically generated bound states, which we shall denote byuMA&&. Which solution is
obtained will depend on whether we put the delta functions~which represent the plane wave parts
of our solutions! in our solutions. If we put none, we get the discrete states.

We wish to solve the eigenvalue equation

HuE&&5EuE&&. ~5.15!

We expand Eq.~5.15! in terms ofu†~v!ul&&, u†~v!uMB&&, f†~n!um&&, andf†~n!uMD&&. By acting on
these states with the Hamiltonian, and using Eqs.~5.1! and ~5.9! we get

~E2l2v!^^luu~v!uE&&5 f * ~v!^^luC†DuE&&, ~5.16a!
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~E2MB2v!^^MBuu~v!uE&&5 f * ~v!^^MBuC†DuE&&, ~5.16b!

~E2m2n!^^muf~n!uE&&5g* ~n!^^muC†BuE&&, ~5.16c!

~E2MD2n!^^MDuf~n!uE&&5g* ~n!^^MDuC†BuE&&. ~5.16d!

We need to evaluate the unknown matrix elements on the right-hand side of Eqs.~5.16!. We
solve for these elements by insertingH in them, commuting it on one side, and letting it act on
uE&& on the other. For example, we can solve for^^luC†DuE&& in the following manner:

^^luC†DHuE&&5E^^luC†DuE&&⇒^^lu$HC†D1@C†D,H#%uE&&5E^^luC†DuE&&.
~5.17!

We now letH in the first term of Eq.~5.17! act on^^lu, and evaluate the commutator in the second
term. We proceed similarly for the other three equations and, when all the dust settles, get

~E2l2mD!^^luCD†uE&&5E dv f ~v!^^luu~v!uE&&2sl,B* F E dv f ~v!

3H E dl8 sl8,B^^l8uu~v!uE&&1AZB^^MBuu~v!uE&&J
1E dn g~n!H E dm8 sm8,D^^m8uf~n!uE&&

1AZD^^MDuf~n!uE&&J G , ~5.18a!

~E2MB2mD!^^MBuCD†uE&&5E dv f ~v!^^MBuu~v!uE&&2AZBF E dv f ~v!

3H E dl8 sl8,B^^l8uu~v!uE&&1AZB^^MBuu~v!uE&&J
1E dn g~n!H E dm8 sm8,D^^m8uf~n!uE&&

1AZD^^MDuf~n!uE&&J G , ~5.18b!

~E2m2mB!^^muCB†uE&&5E dn g~n!^^muf~n!uE&&2sm,D* F E dv f ~v!

3H E dl8 sl8,B^^l8uu~v!uE&&1AZB^^MBuu~v!uE&&J
1E dn g~n!H E dm8 sm8,D^^m8uf~n!uE&&

1AZD^^MDuf~n!uE&&J G , ~5.18c!

~E2MD2mB!^^MDuCB†uE&&5E dn g~n!^^MDuf~n!uE&&2AZDF E dv f ~v!
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3H E dl8sl8,B^^l8uu~v!uE&&1AZB^^MBuu~v!uE&&J
1E dn g~n!H E dm8 sm8,D^^m8uf~n!uE&&

1AZD^^MDuf~n!uE&&J G . ~5.18d!

We first solve for the physicaluCu~v!f~n!&& states. We start by inverting Eqs.~5.16! and
putting in the requisite delta functions. Note that we may put the product of two delta functions
because this is an infinitely degenerate~double! continuum, which cannot be specified by justE;
rather, we have to label the state with the variablesE andn, with then variable representing the
division of energy between theu andf particles. We then substitute these into the first term of
each of Eqs.~5.18!, and solve for the unknown matrix elements. Having found them, we put them
into Eqs.~5.16! to find our solutions. Defining

bC~E,n,l,v![^^luu~v!uE,n&&, ~5.19a!

bF
C~E,n,MB ,v![^^MBuu~v!uE,n&&, ~5.19b!

dC~E,n,m,n![^^muf~n!uE,n&&, ~5.19c!

dF
C~E,n,MD ,n![^^MDuf~n!uE,n&&, ~5.19d!

we get

bC~E,n,l,v!5d~E2l2n!rn,D~v!2
f * ~v!

~E2l2v1 i e!

sl,B*
a~E2l!

KC~E,n!, ~5.20a!

bF
C~E,n,MB ,v!52

f * ~v!

~E2MB2v1 i e!

AZB
a~E2MB!

KC~E,n!, ~5.20b!

dC~E,n,m,n!5d~m2n!rE2n,B~n!2
g* ~n!

~E2m2n1 i e!

sm,D*
b~E2m!

KC~E,n!, ~5.20c!

dF
C~E,n,MD ,n!52

g* ~n!

~E2MD2n1 i e!

AZD
b~E2MD!

KC~E,n!, ~5.20d!

where

KC~E,n!5
g~E2n! f ~n!

b~E2n!a~n!

1

g~E!
, ~5.21!

g~E!5
ZD

b~E2MD!
1E dm

u f ~m!u2

ua~m!u2
1

b~E2m!
~5.22a!

5
ZB

a~E2MB!
1E dl

ug~l!u2

ub~l!u2
1

a~E2l!
. ~5.22b!

The last equality follows from Eqs.~A10!.
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We now solve for the physicaluDf~n!&& sector. We must again start by inverting Eqs.~5.16!,
but this time need to put just the one requisite delta function in Eq.~5.16d!. We put these equations
in Eqs.~5.18!, and solve for the unknown matrix elements putting in another delta function in Eq.
~5.18a! when inverting because now we must account for the zero ofa~E2l! atMD . We then put
these results in Eqs.~5.16!. Defining

bD~E,l,v![^^luu~v!uE&&, ~5.23a!

bF
D~E,MB ,v![^^MBuu~v!uE&&, ~5.23b!

dD~E,m,n![^^muf~n!uE&&, ~5.23c!

dF
D~E,MD ,n![^^MDuf~n!uE&&, ~5.23d!

we get

bD~E,l,v!5rD~v!d~E2l2MD!2
f * ~v!

~E2l2v1 i e!

sl,B*
a~E2l!

KD~E!, ~5.24a!

bF
D~E,MB ,v!52

f * ~v!

~E2MB2v1 i e!

AZB
a~E2MB!

KD~E!, ~5.24b!

dD~E,m,n!52
g* ~n!

~E2m2n1 i e!

sm,D*
b~E2m!

KD~E!, ~5.24c!

dF
D~E,MD ,n!5rE2MD ,B~n!2

g* ~n!

~E2MD2n1 i e!

AZD
b~E2MD!

KD~E!, ~5.24d!

where

KD~E!5
AZD
g~E!

g~E2MD!

b~E2MD!
, ~5.25!

andg(E) is the same as that defined in Eqs.~5.22!.
In exactly the same way, we can find the solutions for the physicaluBu~v!&& sector. They are

bB~E,l,v!52
f * ~v!

~E2l2v1 i e!

sl,B*
a~E2l!

KB~E!, ~5.26a!

bF
B~E,MB ,v!5rE2MB ,D

~v!2
f * ~v!

~E2MB2v1 i e!

AZB
a~E2MB!

KB~E!, ~5.26b!

dB~E,m,n!5rB~n!d~E2m2MB!2
g* ~n!

~E2m2n1 i e!

sm,D*
b~E2m!

KB~E!, ~5.26c!

dF
B~E,MD ,n!52

g* ~n!

~E2MD2n1 i e!

AZD
b~E2MD!

KB~E!, ~5.26d!

where
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KB~E!5
AZB
g~E!

f ~E2MB!

a~E2MB!
, ~5.27!

andg(E) is the same as that defined in Eq.~5.22!.
Finally, we wish to solve for any dynamically generated discrete states. In this case, we put no

delta functions anywhere. When we follow the procedure of putting Eqs.~5.16! in Eqs.~5.18! and
solving for the unknown matrix elements, we find that the only way to satisfy all the equations is
if g(E) has zeros. Denoting these zeros byMA , we find the discrete state solutions:

bA~MA ,l,v!52
f * ~v!

~MA2l2v!

sl,B*
a~MA2l!

KA~MA!, ~5.28a!

bF
A~MA ,MB ,v!52

f * ~v!

~MA2MB2v1 i e!

AZB
a~MA2MB!

KA~MA!, ~5.28b!

dA~MA ,m,n!52
g* ~n!

~MA2m2n!

sm,D*
b~MA2m!

KA~MA!, ~5.28c!

dF
A~MA ,MD ,n!52

g* ~n!

~MA2MD2n1 i e!

AZD
b~MA2MD!

KA~MA!. ~5.28d!

whereKA(MA) is now an arbitrary normalization factor which is fixed, when demonstrating
completeness, to beAdg(E)/dEuE5MA

~see the discussion after Eq.~7.18!!. For our purposes,
without loss of generality, we assume that there is only one zero ofg(E), denoted byMA , and
thus only one dynamically generated discrete state. The extension to more than one discrete state
is trivial.

In each of Eqs.~5.20!, ~5.24!, ~5.26!, and ~5.28! the superscript refers to the sector that the
solution is in, and the subscriptF refers to solutions expanded in the discrete state part of the Lee
Model sectors. Furthermore, we have anticipated future developments by fixing the arbitrary
constants accompanying the delta functions in Eqs.~5.20!, ~5.24!, and ~5.26!. We do this by
demanding that Eq.~6.3a! and Eq.~6.3b!, or their equivalents for the other two sectors, give the
same result, and that the solutions be orthonormal.

VI. VERIFICATION OF THE SOLUTIONS

We now proceed to verify that Eqs.~5.20!, ~5.24!, ~5.26!, and~5.28! are each solutions to our
problem. To do this, we first transform our solutions into the bare state basis; i.e., in terms of the
noninteracting statesuCu~v!f~n!&, uBu~v!&, and uDf~n!&, using the completeness of the lower
sector solutions. With the expansion coefficients in the physicaluCu~v!f~n!&& sector defined in the
following manner~with the coefficients for the other sectors defined similarly!:

uE,n&&[CC~E,n,v,n!uCu~v!f~n!&1BC~E,n,v!uBu~v!&1DC~E,n,n!uDf~n!&, ~6.1!

where

CC~E,n,v,n![S CC~E,n,v,n!

DC~E,n,n!

BC~E,n,v!
D ~6.2!

and

CC~E,n,v,n![^Cu~v!f~n!uE,n&&,
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BC~E,n,v![^Bu~v!uE,n&&,

DC~E,n,n![^Df~n!uE,n&&,

we have

CC~E,n,v,n!5E dlrl,B~n!bC~E,n,l,v!1rB~n!bF
C~E,n,MB ,v!, ~6.3a!

5E dm rm,D~v!dC~E,n,m,n!1rD~v!dF
C~E,n,MD ,n!,

~6.3b!

DC~E,n,n!5E dm sm,Dd
C~E,n,m,n!1AZDdFC~E,n,MD ,n!, ~6.3c!

BC~E,n,v!5E dl sl,Bb
C~E,n,l,v!1AZBbFC~E,n,MB ,v!, ~6.3d!

with similar equations for the other three sectors~e.g., for the physicaluDf~n!&& sector, we would
replaceCC(E,n,v,n) by CD(E,v,n), bC(E,n,l,v) by bD(E,l,v), etc.!. A good check that we
have solved our equations correctly is to verify that Eqs.~6.3a! and ~6.3b! give the same result.
This is indeed completely trivial if we use Eq.~A14!.

For the physicaluCu~v!f~n!&& sector in the bare basis, we get

CC~E,n,v,n!5rn,D~v!rE2n,B~n!

2KC~E,n!
f * ~v!g* ~n!

~E2v2n1 i e! H E dl
usl,Bu2

~E2l2v1 i e!a~E2l!

1E dm
usm,Du2

~E2m2n1 i e!b~E2m!
1

ZB
a~E2MB!~E2MB2v1 i e!

1
ZD

b~E2MD!~E2MD2n1 i e! J , ~6.4a!

DC~E,n,n!5
f ~n!

a~n!
rn,D~v!2KC~E,n!g* ~n!H E dm

usm,Du2

~E2m2n1 i e!b~E2m!

1
ZD

b~E2MD!~E2MD2n1 i e! J , ~6.4b!

BC~E,n,v!5
g~E2n!

b~E2n!
rE2n,B~n!2KC~E,n! f * ~v!H E dl

usl,Bu2

~E2l2v1 i e!a~E2l!

1
ZB

a~E2MB!~E2MB2v1 i e! J . ~6.4c!

For the physicaluDf~n!&& sector in the bare basis, we get

CD~E,v,n!5rD~v!rE2MD ,B~n!2KD~E!
f * ~v!g* ~n!

~E2m2n1 i e! H E dl
usl,Bu2

~E2l2v1 i e!a~E2l!
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1E dm
usm,Du2

~E2m2n1 i e!b~E2m!
1

ZB
a~E2MB!~E2MB2v1 i e!

1
ZD

b~E2MD!~E2MD2n1 i e! J , ~6.5a!

DD~E,n!5AZDrE2MD ,B~n!2KD~E!g* ~n!H E dm
usm,Du2

~E2m2n1 i e!b~E2m!

1
ZD

b~E2MD!~E2MD2n1 i e! J , ~6.5b!

BD~E,v!5rD~v!sE2MD ,B2KD~E! f * ~v!H E dl
usl,Bu2

~E2l2v1 i e!a~E2l!

1
ZB

a~E2MB!~E2MB2v1 i e! J . ~6.5c!

For the physicaluBu~v!&& sector in the bare basis, we get

CB~E,v,n!5rB~n!rE2MB ,D
~v!2KB~E!

f * ~v!g* ~n!

~E2v2n1 i e! H E dl
usl,Bu2

~E2l2v1 i e!a~E2l!

1E dm
usm,Du2

~E2m2n1 i e!b~E2m!
1

ZB
a~E2MB!~E2MB2v1 i e!

1
ZD

b~E2MD!~E2MD2n1 i e! J , ~6.6a!

DB~E,n!5rB~n!sE2MB ,D
2KB~E!g* ~n!H E dm

usm,Du2

~E2m2n1 i e!b~E2m!

1
ZD

b~E2MD!~E2MD2n1 i e! J , ~6.6b!

BB~E,v!5AZBrE2MB ,D
~v!2KB~E! f * ~v!H E dl

usl,Bu2

~E2l2v1 i e!a~E2l!

1
ZB

a~E2MB!~E2MB2v1 i e! J . ~6.6c!

Finally, for the discrete states, we get

CA~MA ,v,n!52KA~MA!
f * ~v!g* ~n!

MA2v2n H E dl
usl,Bu2

~MA2l2v!a~MA2l!

1E dm
usm,Du2

~MA2m2n!b~MA2m!
1

ZB
a~MA2MB!~MA2MB2v1 i e!

1
ZD

b~MA2MD!~MA2MD2n1 i e! J , ~6.7a!
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DA~MA ,n!52KA~MA!g* ~n!H E dm
usm,Du2

~MA2m2n!b~MA2m!

1
ZD

b~MA2MD!~MA2MD2n1 i e! J , ~6.7b!

BA~MA ,v!52KA~MA! f * ~v!H E dl
usl,Bu2

~MA2l2v!a~MA2l!

1
ZB

a~MA2MB!~MA2MB2v1 i e! J . ~6.7c!

We now verify that Eqs.~6.4!, ~6.5!, ~6.6!, and~6.7! are each solutions of our model. To do this,
we explicitly write down the analogs of Eqs.~5.16! in the bare basis, plug in each set of solutions
in turn, and verify that the equations are satisfied. A straightforward analysis shows that the
following equations must be satisfied in the bare basis~we have written them for the physical
uCu~v!f~n!&& sector, i.e., with the variablen—for the other sectors the variablen is, of course,
missing!:

~E2v2n!C~E,n,v,n!5g* ~n!B~E,n,v!1 f * ~v!D~E,n,n!, ~6.8a!

~E2mB2v!B~E,n,v!5E dn g~n!C~E,n,v,n!, ~6.8b!

~E2mD2n!D~E,n,n!5E dv f ~v!C~E,n,v,n!. ~6.8c!

Putting each of Eqs.~6.4!, ~6.5!, ~6.6!, and~6.7! in turn into Eqs.~6.8!, or their equivalents for the
other sectors, and using Eq.~A14!, we find that each of these sets of solutions satisfies the
equations. Incidentally, a glance at Eqs.~6.8! immediately shows why we could not have solved
the problem directly rather than the somewhat convoluted method we went through: the integral
equations are not separable, and are quite intractable.

VII. ORTHONORMALITY AND COMPLETENESS

We now proceed to verify orthonormality and completeness of the solutions Eqs.~6.4!, ~6.5!,
~6.6!, and~6.7!. We start by verifying orthonormality for the diagonal components beginning with
the scalar product (CC†(E8,n8,v,n),CC(E,n,v,n)), which is given by

E dv dnCC†~E8,n8,v,n!CC~E,n,v,n!

5E dv dn CC* ~E8,n8,v,n!CC~E,n,v,n!1E dv BC* ~E8,n8,v!BC~E,n,v!

1E dn DC* ~E8,n8,n!DC~E,n,n!. ~7.1!

We now use Eqs.~6.3! to write this as
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E dv dn CC†~E8,n8,v,n!CC~E,n,v,n!

5E dv dnF E dl8 rl8B
* ~n!bC* ~E8,n8,l8,v!1rB* ~n!bF

C* ~E8,n8,MB ,v!G
3F E dl rl,B~n!bC~E,n,l,v!1rB~n!bF

C~E,n,MB ,v!G
1E dvF E dl8 sl8,B

* bC* ~E8,n8,l8,v!1AZBbFC* ~E8,n8,MB ,v!G
3F E dl sl,Bb

C~E,n,l,v!1AZBbFC~E,n,MB ,v!G1E dn DC* ~E8,n8,n!DC~E,n,n!.

~7.2!

We then do the integrals overl andl8 to find

E dv dn CC†~E8,n8,v,n!CC~E,n,v,n!5E dl dv bC* ~E8,n8,l,v!bC~E,n,l,v!

1E dv bF
C* ~E8,n8,MB ,v!bF

C~E,n,MB ,v!

1E dn DC* ~E8,n8,n!DC~E,n,n!. ~7.3!

Defining

L1~E8,n8![
f * ~n8!g* ~E82n8!

a* ~n8!b* ~E82n8!
, L2~E,n![

f ~n!g~E2n!

a~n!b~E2n!
, ~7.4!

we find that the sum of the first two integrals is

d~E2E8!d~n2n8!2d~E82n82E1n!
f * ~n8! f ~n!

a* ~n8!a~n!
1L1~E8,n8!L2~E,n!

3H 1

g* ~E8!a* ~E82E1n!
1

1

g~E!a~E2E81n8! J 1
L1~E8,n8!L2~E,n!

g* ~E8!g~E!

3H 2ZB
a* ~E82MB!a~E2MB!

2E dl
usl,Bu2

a* ~E82l!a~E2l! J ~7.5!

while the third integral gives

d~E82n82E1n!
f * ~n8! f ~n!

a* ~n8!a~n!
2L1~E8,n8!L2~E,n!

3H 1

g* ~E8!a* ~E82E1n!
1

1

g~E!a~E2E81n8! J 1
L1~E8,n8!L2~E,n!

g* ~E8!g~E!

3H ZD
b~E2MD!a* ~E82E1MD!

1
ZD

b* ~E82MD!a~E2E81MD!
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1E dm8
usm8,Du2

b* ~E82m8!a~E2E81m8!
1E dm

usm,Du2

b~E2m!a* ~E82E2m! J .
~7.6!

Adding Eqs.~7.5! and ~7.6! together, and doing the integrals by combining them into a single
contour integral~which evaluates simply to its residues!, we find that the only term left is
d(E82E)d(n82n), which is just as required.

We can similarly show that

E dv dn CD†
~E8,v,n!CD~E,v,n!5E dl dv bD* ~E8,l,v!bD~E,l,v!

1E dv bF
D* ~E8,MB ,v!bF

D~E,MB ,v!

1E dn DD* ~E8,n!DD~E,n!5d~E82E! ~7.7!

and

E dv dn CB†~E8,v,n!CB~E,v,n!5E dl dv bB* ~E8,l,v!bB~E,l,v!

1E dv bF
B* ~E8,MB ,v!bF

B~E,MB ,v!

1E dn DB* ~E8,n!DB~E,n!5d~E82E!. ~7.8!

Finally,

CA†~MA ,v,n!CA~MA ,v,n!51. ~7.9!

Now we take up the off-diagonal elements. For

E dv dn CC†~E8,n8,v,n!CD~E,v,n!5E dl dv bC* ~E8,n8,l,v!bD~E,l,v!

1E dv bF
C* ~E8,n8,MB ,v!bF

D~E,MB ,v!

1E dn DC* ~E8,n8,n!DD~E,n!, ~7.10!

we find that the third integral exactly cancels the sum of the first two, giving us 0. We can
similarly show that

E dv dn CC†~E8,n8,v,n!CB~E,v,n!50, ~7.11!

E dv dn VC†~E8,n8,v,n!CA~MA ,v,n!50, ~7.12!

E dv dn CD†
~E8,v,n!CB~E,v,n!50, ~7.13!
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E dv dn CD†
~E8,v,n!CA~MA ,v,n!50, ~7.14!

E dv dn CB†~E8,v,n!CA~MA ,v,n!50. ~7.15!

Therefore, the set of solutions we found, Eqs.~6.4!, ~6.5!, ~6.6!, and~6.7! are orthonormal.
We now consider completeness. We wish to show that

E dE dnCC~E,n,v,n!CC†~E,n,v8,n8!1E dE CD~E,v,n!CD†
~E,v8,n8!

1E dE CB~E,v,n!CB†~E,v8,n8!1CA~MA ,v,n!CA†~MA ,v8,n8!

5S d~n2n8!d~v2v8! 0 0

0 d~n2n8! 0

0 0 d~v2v8!
D . ~7.16!

Let us start with the diagonal elements. The~1,1! element of the matrix is

E dE dn CC~E,n,v,n!CC* ~E,n,v8,n8!1E dE CD~E,v,n!CD* ~E,v8,n8!

1E dE CB~E,v,n!CB* ~E,v8,n8!1CA~MA ,v,n!CA* ~MA ,v8,n8!. ~7.17!

These integrals are most easily done in the following manner. The first term can be rewritten,
using Eqs.~6.3!, as

E dE dn CC~E,n,v,n!CC* ~E,n,v8,n8!H E dl8 rl8,B
* ~n8!bC* ~E,n,l8,v8!

1rB* ~n8!bF
C* ~E,n,MB ,v8!J

5E dE dnH E dl rl,B~n!bC~E,n,l,v!1rB~n!bF
C~E,n,MB ,v!J . ~7.18!

One then rewrites subsequent terms in Eq.~7.17! in a similar fashion as Eq.~7.18!. Since the
integrals are exceedingly tedious, we describe how they are done, and leave it to the interested
reader to verify our results. The integrals overn are done with the help of Eq.~A15!. Then, the
integrals overE are done by converting them into contour integrals. When all the contour integrals
are combined it is found that they add together into one large contour integral~plus the noncon-
tributing circle at infinity!, which evaluates simply to its residues. These residues exactly cancel
the other pieces in the expression, leaving over one or more delta functions for the diagonal terms,
and nothing for the off-diagonal ones. For convenience, the branch cuts and poles of the function
1/g(z), wherez is a complex integration variable in the contour integral, are shown in Figs. 1, 2,
and 3.

One finds that the~1,1! term is d~v2v8!d~n2n8!. In doing this, one has to fixKA(MA)
5 Adg(E)/dEuE5MA

, which fixes the unknown normalization constant in Eqs.~5.28!. One can
similarly show that the~2,2! and the~3,3! terms ared~n2n8! andd~v2v8!, respectively.
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For the off-diagonal terms, one proceeds similarly and finds that they are all zero. Thus, our
set of solutions, namely, Eqs.~6.4!, ~6.5!, ~6.6!, and ~6.7! is a complete orthonormal set of
solutions of our model in this sector.

VIII. THE MÖLLER MATRIX AND THE COMPARISON HAMILTONIAN

The matrix~with continuous eigenvalues! of the eigenfunctions, including any discrete solu-
tions, gives us the generalized Mo¨ller matrix by virtue of the results already demonstrated on
orthonormality and completeness.7 It is given by

V~E,n,v,n!5~CC~E,n,v,n!,CD~E,v,n!,CB~E,v,n!,CA~MA ,v,n!! ~8.1!

with the components

S CC~E,n,v,n! CD~E,v,n! CB~E,v,n! CA~MA ,v,n!

DD~E,n,n! DD~E,n! DB~E,n! DA~MA ,n!

BC~E,n,v! BD~E,v! BB~E,v! BA~MA ,v!
D . ~8.2!

It has the properties of being unitary:

VV†51, ~8.3a!

V†V51, ~8.3b!

and of diagonalizing the full HamiltonianH,

HV5VHC , ~8.4a!

V†HV5HC , ~8.4b!

whereHC is called the comparison Hamiltonian. It can be calculated in the following manner.
First, we use the eigenvalue equations to write

HV~E,n,v,n!5~ECC~E,n,v,n!,ECD~E,v,n!,ECB~E,v,n!,MACA~MA ,v,n!!,
~8.5!

and then act on Eq.~8.5! with V† from the left, and make use of the orthonormality relations to get

V†HV5S Ed~E2E8!d~n2n8! 0 0 0

0 Ed~E2E8! 0 0

0 0 Ed~E2E8! 0

0 0 0 MA

D 5HC . ~8.6!

To compareHC with the free HamiltonianH0, we rewriteHC , puttingE5n1t for the ~1,1!
element,E5MD1t for the ~2,2! element, andE5MB1t for the ~3,3! element, and similarly for
E8. Thus,HC becomes

S ~n1t!d~t2t8!d~n2n8! 0 0 0

0 ~MD1t!d~t2t8! 0 0

0 0 ~MB1t!d~t2t8! 0

0 0 0 MA

D . ~8.7!

The free HamiltonianH0 is
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S ~v1n!d~v2v8!d~n2n8! 0 0

0 ~mD1n!d~n2n8! 0

0 0 ~mB1v!d~v2v8!
D . ~8.8!

ComparingHC andH0, we see that we can identifyHC with H0 if we includebothmass and
wave function renormalization terms in the interaction, and ignore the discreteMA state inHC .
The mass renormalization means that we must add a quantityD to H0, whereD is

D5S 0 0 0

0 ~MD2mD!d~n2n8! 0

0 0 ~MB2mB!d~v2v8!
D . ~8.9!

The structure of our solutions, Eqs.~6.4!, ~6.5!, and~6.6!, immediately tells us that we must have
a wave function~and consequent coupling constant! renormalization.

Thus, the fieldsB, C, D, u, andf have the wave function renormalizations

B→Ab8B5
1

AZB
B, ~8.10a!

D→Aa8D5
1

AZD
D, ~8.10b!

C→C, ~8.10c!

u→u, ~8.10d!

f→f. ~8.10e!

Because there are no proper vertex corrections, the coupling constant renormalizations reflect
the wave function renormalizations7

f ~v!→AZDf ~v!, ~8.11!

g~n!→AZBg~n!. ~8.12!

Furthermore, as there are no divergences in this problem, the coupling constant and wave
function renormalizations are inessential, and the mass renormalization makingH01D identifiable
with HC is essential only in this sector. These renormalizations are sufficient for higher sectors as
well. The only change in the higher sectors is due to the mass renormalizations which alter the
continuum thresholds frommD andmB to MD andMB , respectively, but leave everything else
unaffected.

Notice that whileHC andH0 have the same structure~as long asa andb both have zeros, and
g does not!, they have different spectra. Only the double continuum 0,n,E,` is coextensive;
the Df andBu continua are renormalized downwards frommD to MD and frommB to MB ,
respectively. Notice also that, contrary to conventional wisdom,1,3,12the Möller matrix intertwines
the full HamiltonianH with HC , not with H0. However,HC andH do have the same spectrum.

In addition, if we take the unitary transformation ofHC in reverse, we can convert the
comparison Hamiltonian to the full Hamiltonian

VHCV†5H, ~8.13!

1691S. Varma and E. C. G. Sudarshan: Scattering theory with rearrangement collisions

J. Math. Phys., Vol. 37, No. 4, April 1996

Downloaded¬17¬Apr¬2003¬to¬128.83.131.133.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jmp/jmpcr.jsp



and just as in the cascade model of Ref. 7, we find thatthe notion of an interaction is basis
dependent.

IX. THE S-MATRIX

We have obtained one set of solutions to our problem, namely, Eqs.~6.4!–~6.7!. We can, of
course, obtain another set in which the singular operators of the form (E2v2n1 i e)21 ~which
give the in states! in Eqs.~6.4!–~6.6! are changed to (E2v2n2 i e)21 ~which give the out states!,
while Eqs.~6.7! remain unchanged. Let us denote these solutions, and quantities associated with
them, with a prime. This new set also furnishes a Mo¨ller matrix,

V85~CC8~E,n,v,n!,CD8~E,v,n!,CB8~E,v,n!,CA~MA ,v,n!!, ~9.1!

which satisfies the same properties as the original Mo¨ller matrix, that of unitarity:

V8V8
†
51, ~9.2a!

V8
†
V851, ~9.2b!

and of diagonalizingH,

HV85V8HC , ~9.3a!

V8
†
HV85HC . ~9.3b!

The set of states, Eqs.~6.4!–~6.7! are such that

lim
t→2`

eiHCt e2 iHtCC~E,n,v,n!5S d~n2v!d~E2v2n!

0
0

D , ~9.4a!

lim
t→2`

eiHCt e2 iHtCD~E,v,n!5S 0
AZDd~E2MD2n!

0
D , ~9.4b!

lim
t→2`

eiHCt e2 iHtCB~E,v,n!5S 0
0

AZBd~E2MB2v!
D , ~9.4c!

lim
t→2`

eiHCt e2 iHtCA~MA ,v,n!5CA~MA ,v,n!, ~9.4d!

of which the first three are the plane wave ideal eigenstates of the comparison Hamiltonian.
However, notice that there is the need for awave function renormalizationin CD(E,v,n) and
CB(E,v,n), and that thethreshold is renormalizedin these two cases~i.e., mB→MB and
mD→MD!. Clearly, these states are the in states in our problem. This is again analogous to the
cascade model of Ref. 7.

For t→1` for these in states we have

lim
t→1`

eiHCt e2 iHtCC~E,n,v,n!
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5S d~E2v2n!Fd~n2v!
a* ~n!b* ~E2n!

a~n!b~E2n!
1

2p i

g~E!

f ~n!g~E2n!

a~n!b~E2n!

f * ~v!g* ~n!

a~v!b~n! G
2p i

g~E!

f ~n!g~E2n!

a~n!b~E2n!
ZDd~E2MD2n!

g* ~n!

b~n!

2p i

g~E!

f ~n!g~E2n!

a~n!b~E2n!
ZBd~E2MB2v!

f * ~v!

a~v!

D ,

~9.5a!

lim
t→1`

eiHCt e2 iHtCD~E,v,n!5S 2p id~E2v2n!
AZD
g~E!

g~E2MD!

b~E2MD!

f * ~v!g* ~E2v!

a~v!b~E2v!

AZDd~E2MD2n!Fb* ~n!

b~n!
1

2p i

g~E!
ZD

ug~n!u2

b~n!b~n!G
AZBd~E2MB2v!

2p i

g~E!
ZB

u f ~v!u2

a~v!a~v!

D ,

~9.5b!

lim
t→1`

eiHCt e2 iHtCB~E,v,n!5S 2p id~E2v2n!
AZB
g~E!

f ~E2MB!

a~E2MB!

f * ~v!g* ~E2v!

a~v!b~E2v!

AZDd~E2MD2n!
2p i

g~E!
ZD

ug~n!u2

b~n!b~n!

AZBd~E2MB2v!Fa* ~v!

a~v!
1

2p i

g~E!
ZB

u f ~v!u2

a~v!a~v!G
D ,

~9.5c!

lim
t→1`

eiHCt e2 iHtCA~MA ,v,n!5CA~MA ,v,n!. ~9.5d!

@The limits in Eqs.~9.4! and Eqs.~9.5! are understood for multiplication by smooth functions of
v or n or both, as the case may be.#

The out states behave in an analogous but opposite fashion to the in states. They behave
simply for t→1`, but have a complicated structure ast→2`. Furthermore, the in states at
t→2` and the out states att→1` are identical. Therefore, we can define anS-matrix, and can
compute it in one of several ways. For example, we can compute it using

Cscattered5 lim
t→`

~C~ t !2C~2t !!, ~9.6!

or we can take the scalar product of the in and out states

~C8,C!5S. ~9.7!

Both methods, of course, give the same answer.
The method of the inner products is cleaner and more aesthetically satisfying so we shall

follow it for the calculation. The results are easily checked by doing the calculation by the other
methods.

Schematically, theS-matrix looks like~the ‘‘1’’ subscript means an in state and the ‘‘2’’
subscript means an out state!
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S5S 2^^CufuCuf&&1 2^^CufuDf&&1 2^^CufuBu&&1 2^^CufuMA&&

2^^DfuCuf&&1 2^^DfuDf&&1 2^^DfuBu&&1 2^^DfuMA&&

2^^BuuCuf&&1 2^^BuuDf&&1 2^^BuuBu&&1 2^^BuuMA&&

^^MAuCuf&&1 ^^MAuDf&&1 ^^MAuBu&&1 ^^MAuMA&&

D . ~9.8!

Let us start with the~1,1! component ofS. We wish to calculate

C^^E8,n8,outuE,n, in&&C5E dv dn CC8* ~E8,n8,v,n!CC~E,n,v,n!

1E dv BC8* ~E8,n8,v!BC~E,n,v!

1E dn DC8* ~E8,n8,n!DC~E,n,n!. ~9.9!

We rewrite Eq.~9.9! in terms of the lower sector physical states using Eqs.~6.3! to get

E dv dnF E dl8 rl8,B
8* ~n!bC8* ~E8,n8,l8,v!1rB8* ~n!bF

C8* ~E8,n8,MB ,v!G
3F E dl rl,B~n!bC~E,n,l,v!1rB~n!bF

C~E,n,MB ,v!G
1E dvF E dl8 sl8,B

8 bC8* ~E8,n8,l8,v!1AZBbFC8* ~E8,n8,MB ,v!G
3F E dl sl,Bb

C~E,n,l,v!1AZBbFC~E,n,MB ,v!G1E dn DC8* ~E8,n8,n!DC~E,n,n!.

~9.10!

Doing the integrals overl in Eq. ~9.10! we get

E dl dl8
b* ~l!

b~l!
d~l2l8!E dv bC8* ~E8,n8,l8,v!bC~E,n,l,v!1E dv bF

C8*

3~E8,n8,MB ,v!bF
C~E,n,MB ,v!1E dn DC8* ~E8,n8,n!DC~E,n,n!. ~9.11!

The sum of the first and second integrals gives

d~E2E8!H d~n2n8!
b* ~E2n!a* ~n!

b~E2n!a~n!
1

2p i

g~E!

g~E2n! f ~n!

b~E2n!a~n!

g* ~E2n8! f * ~n8!

b~E2n8!a~n8! J
2d~E82n82E1n!

b* ~E2n! f * ~n8! f ~n!

b~E2n!a~n8!a~n!
1
g* ~E82n8! f * ~n8!g~E2n! f ~n!

b~E82n8!a~n8!b~E2n!a~n!

3H 1

g~E!a~E2E81n8!
1

1

g~E8!a~E82E1n! J
1

1

g~E8!g~E!

g* ~E82n8! f * ~n8!g~E2n! f ~n!

b~E82n8!a~n8!b~E2n!a~n!
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3H 2E dlUsl,BU2 1

a~E82l!a~E2l!
2

ZB
a~E82MB!a~E2MB! J , ~9.12!

and the third integral gives

d~E82n82E1n!
b* ~E2n! f * ~n8! f ~n!

b~E2n!a~n8!a~n!
2
g* ~E82n8! f * ~n8!g~E2n! f ~n!

b~E82n8!a~n8!b~E2n!a~n!

3H 1

g~E!a~E2E81n8!
1

1

g~E8!a~E82E1n! J 1
1

g~E8!g~E!

3
g* ~E82n8! f * ~n8!g~E2n! f ~n!

b~E82n8!a~n8!b~E2n!a~n! H 12 E dmusm,Du2
1

b~E2m!

3S 1

a* ~E82E1m!
1

1

a~E82E1m! D
1
1

2 E dm8usm8,Du2
1

b~E82m8! S 1

a* ~E2E81m8!
1

1

a~E2E81m8! D1
ZD

2b~E2MD!

3S 1

a* ~E82E1MD!
1

1

a~E82E1MD! D
1

ZD
2b~E82MD! S 1

a* ~E2E81MD!
1

1

a~E2E81MD! D J . ~9.13!

Adding Eqs.~9.12! and ~9.13!, and converting the sum of the integrals to contour integrals
~which evaluate to their residues and cancel the other terms with them inside the curly brackets!,
we are left with

C^^E8,n8, inuE,n,out&&C5d~E2E8!H d~n2n8!
b* ~E2n!a* ~n!

b~E2n!a~n!

1
2p i

g~E!

g~E2n! f ~n!

b~E2n!a~n!

g* ~E2n8! f * ~n8!

b~E2n8!a~n8! J . ~9.14!

In a similar fashion, we can do all the otherS-matrix elements. They are

D^^E8,outuE, in&&D5d~E2E8!H b* ~E2MD!

b~E2MD!
1
2p iZD

g~E!

ug~E2MD!u2

b~E2MD!b~E2MD! J , ~9.15!

B^^E8,outuE, in&&B5d~E2E8!H a* ~E2MB!

a~E2MB!
1
2p iZB

g~E!

u f ~E2MB!u2

a~E2MB!a~E2MB! J , ~9.16!

A^^MAuMA&&A51, ~9.17!

B^^E8,outuE, in&&D52p id~E82E!
AZDAZB

g~E!

f * ~E2MB!g~E2MD!

a~E2MB!b~E2MD!
, ~9.18!

D^^E8,outuE, in&&B52p id~E82E!
AZDAZB

g~E!

f ~E2MB!g* ~E2MD!

a~E2MB!b~E2MD!
, ~9.19!
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D^^E8,outuE,n, in&&C52p id~E82E!
AZD
g~E!

g~n! f ~E2n!

a~n!b~E2n!

g* ~E2MD!

b~E2MD!
, ~9.20!

C^^E8,n8,outuE, in&&D52p id~E82E!
AZD
g~E!

g* ~n8! f * ~E2n8!

a~n8!b~E2n8!

g~E2MD!

b~E2MD!
, ~9.21!

B^^E8,outuE,n, in&&C52p id~E82E!
AZB
g~E!

g~n! f ~E2n!

a~n!b~E2n!

f * ~E2MB!

a~E2MB!
, ~9.22!

C^^E8,n8,outuE, in&&B52p id~E82E!
AZB
g~E!

g* ~n8! f * ~E2n8!

a~n8!b~E2n8!

f ~E2MB!

a~E2MB!
, ~9.23!

A^^MAuE,n, in&&C50, ~9.24!

C^^E8,n8,outuMA&&A50, ~9.25!

A^^MAuE, in&&D50, ~9.26!

D^^E8,outuMA&&A50, ~9.27!

A^^MAuE, in&&B50, ~9.28!

B^^E8,outuMA&&A50. ~9.29!

X. UNITARITY OF THE S-MATRIX

We can almost trivially show that theS-matrix that we have obtained is unitary. In equations,
we wish to show that

SS†51. ~10.1!

Let us calculate the~1,1! term inSS†. It is

SS~1,1!
† 5d~E2E8!E dn9Fd~n2n9!

b* ~E2n!a* ~n!

b~E2n!a~n!
1

2p i

g~E!

f * ~n9! f ~n!g* ~E2n9!g~E2n!

a~n9!a~n!b~E2n9!b~E2n! G
3Fd~n82n9!

b~E2n8!a~n8!

b* ~E2n8!a* ~n8!
2

2p i

g* ~E!

f ~n9! f * ~n8!g~E2n9!g* ~E2n8!

a* ~n9!a* ~n8!b* ~E2n9!b* ~E2n8!G
2

~2p i !2

ug~E!u2
d~E2E8!

f ~n!g~E2n!

a~n!b~E2n!

f * ~n8!g* ~E2n8!

a* ~n8!b* ~E2n8!

3FZD ug~E2MD!u2

ub~E2MD!u2
1ZB

u f ~E2MB!u2

ua~E2MB!u2G . ~10.2!

Doing the integral in Eq.~10.2! with the help of Eq. ~A15! we find that the result is
d(E2E8)d(n2n8), exactly as desired. The rest of the terms are done in the same way. We find

SS~2,2!
† 5d~E2E8!, ~10.3!

SS~3,3!
† 5d~E2E8!, ~10.4!
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SS~4,4!
† 51, ~10.5!

with all other terms inSS† being zero, as required. ThusSS†51. In the same way, we can also
show thatS†S51, and therefore, ourS-matrix is unitary.

XI. EIGENPHASES OF THE S-MATRIX

The interesting case for theS-matrix is whenE.0 so that all channels are open. TheS-matrix
must satisfy

Sz5tz, ~11.1!

where utu251, for somez. This is equivalent to the following relations~where we ignore the
discreteA channel, as it is decoupled from everything else, and suppressd~E2E8!!

t2
b* ~E2n!a~n!

b~E2n!a~n!
zn5

2p i

g~E!

f ~n!g~E2n!

a~n!b~E2n! H E dn8
f * ~n8!g* ~E2n8!

a~n8!b~E2n8!
zn8

1AZD
g* ~E2MD!

b~E2MD!
zD1AZB

f * ~E2MB!

a~E2MB!
zBJ , ~11.2a!

t2
b* ~E2MD!

b~E2MD!
zD5

2p i

g~E!
AZD

g~E2MD!

b~E2MD! H E dn8
f * ~n8!g* ~E2n8!

a~n8!b~E2n8!
zn8

1AZD
g* ~E2MD!

b~E2MD!
zD1AZB

f * ~E2MB!

a~E2MB!
zBJ , ~11.2b!

t2
a* ~E2MB!

a~E2MD!
zB5

2p i

g~E!
AZB

f ~E2MB!

a~E2MB! H E dn8
f * ~n8!g* ~E2n8!

a~n8!b~E2n8!
zn8

1AZD
g* ~E2MD!

b~E2MD!
zD1AZB

f * ~E2MB!

a~E2MB!
zBJ . ~11.2c!

We now define the unimodular quantities

t~n![
b* ~E2n!a* ~n!

b~E2n!a~n!
, ~11.3a!

tD[
b* ~E2MD!

b~E2MD!
, ~11.3b!

tB[
a* ~E2MB!

a~E2MB!
. ~11.3c!

These are the basic equations. We can solve them for continuum values or for discrete values
of the eigenphase shifts. Let us start with the continuum values. We invert Eq.~11.2a! and put a
delta function on the right-hand side along with the appropriate normalization. We then multiply
both sides of the equation by

f * ~n!g* ~E2n!

a~n!b~E2n!

and integrate overn to get
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H 12
2p i

g~E!
E u f ~ l !u2ug~E2 l !u2

ua~ l !u2ub~E2 l !u2
t~ l !

t2t~ l !1 i e J E dn8
f * ~n8!g* ~E2n8!

a~n8!b~E2n8!
zn8

5
f * ~t!g* ~t!

a~t!b~t!
1

2p i

g~E!
E u f ~ l !u2ug~E2 l !u2

ua~ l !u2ub~E2 l !u2
t~ l !

t2t~ l !1 i e

3HAZD g* ~E2MD!

b~E2MD!
zD1AZB

f * ~E2MB!

a~E2MB!
zBJ . ~11.4!

Defining

S[12
2p i

g~E!
ZD

ug~E2MD!u2

ub~E2MD!u2
sD

s2sD
2

2p i

g~E!
ZB

u f ~E2MB!u2

ua~E2MB!u2
sB

s2sB
, ~11.5!

we invert Eqs.~11.2b! and~11.2c! to solve for the term in the curly braces on the right-hand side
of Eq. ~11.4!, namely,

AZD
g* ~E2MD!

b~E2MD!
zD1AZB

f * ~E2MB!

a~E2MB!
zB ,

and find

AZD
g* ~E2MD!

b~E2MD!
zD1AZB

f * ~E2MB!

a~E2MB!
zB5S 1S21D E dn8

f * ~n8!g* ~E2n8!

a~n8!b~E2n8!
zn8 .

~11.6!

We now define

x~t!512
2p i

g~E!S
E dl

u f ~ l !u2ug~E2 l !u2

ua~ l !u2ub~E2 l !u2
t~ l !

t2t~ l !1 i e
, ~11.7!

and use this to combine Eqs.~11.4! and ~11.6!, and find

E dn8
f * ~n8!g* ~E2n8!

a~n8!b~E2n8!
zn81AZD

g* ~E2MD!

b~E2MD!
zD1AZB

f * ~E2MB!

a~E2MB!
zB

5
1

x~t!S

f * ~t!g* ~t!

a~t!b~E2t!
. ~11.8!

Therefore, our continuum solutions are

zn5At8d~t2t~n!!1
2p i

g~E!

f ~n!g~E2n!

a~n!b~E2n!

1

~t2t~n!1 i e!x~t!S

f * ~t!g* ~E2t!

a~t!b~E2t!
,

~11.9a!

zD5
2p i

g~E!
AZD

g~E2MD!

b~E2MD!

1

~t2tD1 i e!x~t!S

f * ~t!g* ~E2t!

a~t!b~E2t!
, ~11.9b!

zB5
2p i

g~E!
AZB

f ~E2MB!

a~E2MB!

1

~t2tB1 i e!x~t!S

f * ~t!g* ~E2t!

a~t!b~E2t!
. ~11.9c!

To investigate the spectrum oft, we use the method of Ref. 7. We define the following
quantities, taking advantage of their being unimodular:
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e2iu~n![t~n!, ~11.10a!

e2iuD[tD , ~11.10b!

e2iuB[tB , ~11.10c!

e2id[t. ~11.10d!

We then put these definitions in Eqs.~11.9!, and see thatt(n)5e2iu(n) ranges continuously
along a unit circle in the complex plane fromu5u~0! to u5u(E).

In addition, these solutions are continuum normalized:

E dn zn~t82 i e!zn~t1 i e!1zD~t82 i e!zD~t1 i e!1zB~t82 i e!zB~t1 i e!5d~t82t!,

~11.11!

and will be complete if there are no discrete zeros ofx~t!. If there are, they will have to be
included in the completeness identity. We now find the number of discrete zeros ofx~t!, i.e., the
number of discrete eigenphase shifts of ourS-matrix.

We define

t[
11 ix

12 ix
,

tD[
11 ixD
12 ixD

,

t~n![
11 ix~n!

12 ix~n!
,

tB[
11 ixB
12 ixB

,

put these in Eq.~11.7!, and take real and imaginary parts to get

2
1

2 E dl
u f ~ l !u2ug~E2 l !u2

ua~ l !u2ub~E2 l !u2
x~11x~ l !!

x2x~ l !1 i e
5ImS g~E!

2p i D2
1

2

x~11xD!

x2xD
ZD

ug~E2MD!u2

ub~E2MD!u2

2
1

2

x~11xB!

x2xB
ZB

u f ~E2MB!u2

ua~E2MB!u2
, ~11.12a!

2
1

2 E dl
u f ~ l !u2ug~E2 l !u2

ua~ l !u2ub~E2 l !u2
5ReS g~E!

2p i D2
1

2
ZD

ug~E2MD!u2

ub~E2MD!u2
2
1

2
ZB

u f ~E2MB!u2

ua~E2MB!u2
.

~11.12b!

We observe that Eq.~11.12b! is an identity, by means of Eq.~A15!. To find the number of
zeros ofx~t!, we multiply both sides of Eq.~11.12a! by (x2xD)(x2xB). We then find that the
highest power ofx appearing in Eq.~11.12a! is x3, barring any higher powers contributed by the
integral. Therefore, there are at least three discrete zeros ofx~t!, and thus, at least three discrete
solutions which will have to be included in the completeness identity, Eq.~11.11!.

XII. A GENERAL FORMALISM FOR SCATTERING THEORY

In this section, we describe an approach due to Sudarshan and collaborators,19–25which takes
a very different view of scattering problems, and is quite different in spirit. It is essentially
immune to many of the problems that occur in the conventional approaches in the literature. The
idea is that one always works with the complete set of eigenstates of the full HamiltonianH
properly labeled. This set, by definition, is both orthonormal and complete. The matrix made up of
these eigenstates is the Mo¨ller matrix. This Möller matrix, again by definition, will diagonalize the
full Hamiltonian giving the comparison Hamiltonian.
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In other words, we have a Hamiltonian for the systemH. We wish a physical interpretation of
this object as a scattering system. One starts by considering the complete set of states forH, which
we denote asca(E), whereE is the energy of the eigenstate, anda contains everything else
necessary to uniquely specify the state such as spin, channel, etc. Then,

Hca~E!5Eaca~E!. ~12.1!

Form the generalized Mo¨ller matrixW, by defining

WE,a[ca~E!.

Therefore,

HW5WHC , ~12.2!

where the implied integration is of the Stielje type—i.e., we sum over any discrete indices, and
integrate over any continuous ones. Because we have assumed that the set of eigenstates ofH is
complete, this Mo¨ller matrix has the property that

VV†51, V†V51. ~12.3!

It is thus isometric and unitary, as long as we ensure that the spectra ofH andHC are the same,
and the spectrum multiplicity is properly preserved. The only caveat here is that not all formally
Hermitian Hamiltonians have a complete set of eigenstates. However, all ‘‘reasonable’’ Hamilto-
nians will have a such complete set.

Now, one normally wants an interpretation of a scattering system in terms of asymptotic
states. The point here is that, to get such an interpretation, we should useHC , notH0. We must set
up a correspondence between the set of eigenstates ofHC with H, because unlikeH0, we are
guaranteed thatH andHC are isospectral. Any asymptotic conditions~such as the strong conver-
gence properties of Eqs.~2.26!! should be expressed usingHC , notH0. Thus, it isHC , notH0,
which is the proper starting point for any perturbative scheme. Furthermore, as indicated by our
model, we should endeavor to construct a perturbative scheme to calculate the full states, not the
asymptotic ones, because we cannot say, with any confidence, what the appropriate conditions are
on the asymptotic states~see Sec. XIII for details!. In addition, note another advantage of this
formalism. Any, and all, shifts in the thresholds and spectrum ofH ~such as a mass renormaliza-
tion! are automatically taken care of by this procedure.

Finally, it is worth remarking that, in general,W andHC are not going to be analytic in the
coupling constants. Therefore, the procedure that one occasionally sees in the literature of splitting
H into HC1V8 is not very useful, and not very constructive. BothHC andV8 will be complicated
functions of the coupling constants, and will have all sorts of renormalization factors appearing.

If we are interested in working perturbatively, then we must set up the system carefully. We
give here an analysis of Sudarshan.26 Consider a quantum system defined in a Hilbert spaceH

with the Hamiltonian split in the usual way:

H5H01V, ~12.4!

in which we already know the ideal eigenstates for the continuum, and the proper eigenvectors for
the discrete states. The ideal states are, of course, not normalizable and we must take proper linear
combinations of them to get states that are square integrable, and inH. Then, we set up a
correspondence between eigenstates ofH and eigenstates ofH0, in such a manner that

Hcl5lcl , ~12.5a!
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H0c0l5lc0l . ~12.5b!

Therefore,

~12G0~l!V!cl5c0l , ~12.6a!

G0~l!~l2H0!51, ~12.6b!

whereG0 is the free Green function. From this we can write

cl5~12G0~l!V!21c0l , ~12.7!

thus defining for us a possible Mo¨ller matrix V8 given by

V85~12G0V!21. ~12.8!

Now thisV8 is a possible Mo¨ller matrix in the sense that it intertwinesH andH0:

HV85v8H0 . ~12.9!

Unfortunately, it is not very useful because it is not necessarily unitary, or even isometric. One
must renormalize it correctly so as to get a unitary operator. Furthermore,H and H0 are not
isospectral. Consider the full Green functionG ~l!:

G ~l!5
1

l2H1 i e
5~12G0~l!V!21G0~l!. ~12.10!

While, at first glance, it would seem thatG0 and G have the same singularities, this is not
necessarily true. First,G can have additional singularities from the first factor~12G0(l)V!21 in
Eq. ~12.10!. These can come from bound states produced by the interaction, and more importantly,
from continuum states in which one or more of the particles is composite so that its mass gets
shifted. Second,G can have some of its singularities cancelled when this factor vanishes. There-
fore, G andG0 are not necessarily isospectral, in general. In other words, the statement that
‘‘perturbations vanish at infinity’’ is not valid generally. Rather, this na¨ive asymptotic condition is
not generally fulfilled. This shows us whyV8 failed to be unitary: the new spectra produced by
~12G0(l)V!21 do not appear with a canonical weight. As advertised, we correct this problem by
defining a renormalizedV given by

V5~12G0V!21D21, ~12.11a!

where

D25~12VG0
1!21~12G0V!21. ~12.11b!

However, since this newV is unitary, it connectsH with an isospectral and diagonal Hamiltonian.
We have already seen that this associated diagonal Hamiltonian cannot beH0. Rather, it is a
different object, which we call the comparison HamiltonianHC . For further details, and concrete
examples of this formalism applied to several models, such as the Lee model, the separable
potential model, and the Cascade model, see Ref. 26. In these models, one can explicitly see these
various effects such as shifts in the continuous spectra, the deletion of spectra fromH0 to get the
spectra ofH, and the augmentation of spectra inH0 to get the spectra ofH.

1701S. Varma and E. C. G. Sudarshan: Scattering theory with rearrangement collisions

J. Math. Phys., Vol. 37, No. 4, April 1996

Downloaded¬17¬Apr¬2003¬to¬128.83.131.133.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jmp/jmpcr.jsp



XIII. PUTTING THE ‘‘GENERIC’’ FORMALISMS TO THE TEST

There are many different approaches to quantum scattering in the literature. The most familiar
of these is potential scattering. Others include the LSZ formalism, the ‘‘almost local’’ formalism,
and the Lax–Phillips formalism. Lax–Phillips27 theory is outside the scope of this work.

The well-known LSZ formalism,5 extended by Mohan,28 postulates the convergence of the
matrix elements of interacting fields to the matrix elements of free fields. However, the formalism
does not apply in many cases. For example, as noted by LSZ themselves, it is inapplicable to
problems in which stable bound states exist. Trouble occurs when this point is forgotten, and the
formalism is extended into areas where it is inapplicable. The ‘‘almost local’’ formalism due to
Haag,1 Ruelle,9 Ekstein,10 Jauch,12 Araki,29 and others tries to be general enough to consider
complicated problems.1 Its basic idea is that it is possible to construct asymptotic ingoing and
outgoing states as strong limits in Hilbert space, if a certain ‘‘spacelike asymptotic condition’’ is
verified by the vacuum expectation values of products of field operators:9 the so called almost
local operators.1

We shall restrict our attention to the conventional, and quite ‘‘generic’’ formalism, as reviewed
earlier in Secs. II and III; as mentioned before, the LSZ formalism isnot applicableto situations
where stable bound states are present, such as our model. We will compare these results to the
results obtained from the rearrangement model.

Conventional formalisms for quantum scattering theory have the following protocol for ge-
neric scattering systems:

~1! They do not use the comparison Hamiltonian.
~2! The asymptotic states are orthonormal.1,9,13

~3! The completeness of the asymptotic states is postulated.1,13

~4! For the case of potential scattering only, the Mo¨ller matrix is isometric but not necessarily
unitary.1,13

~5! The eigenstates of the exact Hamiltonian are never considered.

We shall take up these points one by one, and put them to the test by comparing them to the results
explicitly obtained from our model.

~1! It is essential when taking the limits limt→6`e
iHt e2 iH0tC, whereC is either a wave

function or a field operator, that the continuous spectra ofH andH0 coincide. If they did not there
would be wild oscillations while taking the limit, and the limit would not exist. It is for this
purpose thatH0 is mass-renormalized toH08 . However, in general, this is still not enough. It is
perfectly possible, if there are bound states or unstable particles in the spectrum ofH, that no
amount of tinkering withH0 will make its spectrum coincide withH. This can be seen by
inspection of Eqs.~8.7! and ~8.8!. No amount of renormalization ofH0 can give us the discrete
MA state present inHC , but this may be ignored becauseMA is a discrete point eigenvalue. On the
other hand, we do have the possibility of a continuous spectrum inH corresponding to the
scattering states involving physicalB or D particles.

However, unlikeH andH0, H andHC are guaranteed to be isospectral becauseHC is obtained
by diagonalizingH. Therefore, it isHC , and notH0, that is the proper starting point for any
scattering scheme, perturbative or otherwise. The method for obtaining the correct spectrum ofH
by perturbation theory is discussed in the work of Sudarshan, Chiu, and Bhamathi.30 In simple
cases such as when stable bound states are not present, or field theory with no bound states or
unstable particles,HC can be identified with the renormalizedH0, as noted in Sec. VIII.

In fact, even in cases where~formally! no splitting is made, i.e., no explicit mention or use is
made of anH0, there is still the implicit use ofH0 because, commonly, asymptotic particles are
defined as solutions of free particle equations like the Klein–Gordon equation.

~2! Both formalisms assert the orthonormality of the asymptotic states, and the result is
supposed to be generic. In Eqs.~9.4!, we have obtained the asymptotic states of the rearrangement
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model according to both formalisms. Yet, as we can see from a glance at the Haag–Ruelle
asymptotic wave functions, Eqs.~9.4!, the asymptotic states computed according to their rules do
not form an orthonormal set. This point should not cause confusion. Our full states, namely, Eqs.
~6.4!, ~6.5!, ~6.6!, and~6.7! are, indeed, all orthonormal to each other, as was shown in Sec. VII.
As a result, we have orthonormal sets of in and out states. However, when we calculate the
Haag–Ruelle-type asymptotic states according to either of the formalisms, we find that they are
not orthonormal. This lack of orthonormality stems from a factor of the wave function renormal-
ization constant that appears in each of the asymptotic wave functions. This factor is essential: if
it were not present, the interacting states would not be orthonormal.

~3! As mentioned earlier, Ruelle extends Haag’s work by postulating the completeness of the
in and out states.9 This is also postulated in simple potential scattering.13 This postulate is neces-
sary to prove that theS-matrix is unitary. Again, simply by inspection of Eqs.~9.4!, we can see
that the asymptotic states of the rearrangement model, according to these two formalisms, are not
complete. Again, this point should not cause confusion. Our full states, Eqs.~6.4!, ~6.5!, ~6.6!, and
~6.7! are complete, as was shown in Sec. VII. As a result, our in and out states form complete sets.
However, the set of Haag–Ruelle-type asymptotic states calculated according to either of the two
formalisms isnot complete.

~4! In potential scattering the Mo¨ller matrixV can be defined using the full interacting wave
functions so that it is isometric even in the presence of bound states.1 We see that the Haag–Ruelle
asymptotic solutions, Eqs.~9.4!, obtained by the use ofV, are certainly not orthonormal, whereas
the original interacting wave functions were; therefore, the Mo¨ller matrix computed by their rules
is not isometric, i.e., it is not norm preserving. However, the generalized Mo¨ller matrix that we
defined in Eq.~8.1! is not only isometric, but unitary.

~5! It is important to note that even though these asymptotic wave functions are neither
orthonormal nor complete, they still lead to the correctS-matrix, as can be verified by calculating
it using Eq.~9.6!. If we had insisted upon the asymptotic wave functions being orthonormal and
complete, we would have gotten the wrongS-matrix.

~6! Notice that because of this lack of orthonormality and completeness in the exact asymp-
totic states, the strong limits of Eqs.~2.26! are satisfied. Namely,

lim
t→2`

@C~ t !2c in~ t !#⇒0, ~13.1a!

lim
t→1`

@C~ t !2cout~ t !#⇒0, ~13.1b!

lim
t→2`

c in~0!⇒C~0![V~1 !c in~0! ~13.1c!

are automatically satisfied. This can be seen easily in the following way. For the first two equa-
tions above, the expression on the left-hand side is just the requisite full wave function, but with
the delta function part removed. When we now take the norm and then take the limit, the remain-
der cancels giving zero. Similarly, the third equation above can be shown to be satisfied.

On the other hand, if we had insisted that the asymptotic statesareorthonormal and complete,
the wave function renormalization constants would have been missing from the asymptotic states.
Thus, the delta function pieces would not have cancelled between the full and asymptotic states,
and therefore, these pieces would contribute, and we would get a nonzero result. Thus, in this case,
the strong limit would not hold.

~7! It is important to note that the reason that all these problems occur is that the full states are
never considered. Most formalisms in the literature try to set up the problem in terms of the
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asymptotic states, and are thus forced to make assumptions regarding their properties and behav-
ior. These assumptions are not necessarily correct in general, as is amply demonstrated by the
rearrangement model, and other models such as the cascade model.7

All this points out the importance of the correct normalization of the state vectors, a point
already considered by DeWitt.31 However, his work was restricted to the case of no bound states.
The question of the correct description of the asymptotic states was also considered by Van Hove
in his papers on the description of ‘‘persistent interactions.’’4 However, as noted in those papers,
the formalism developed there does not deal with cases involving bound states, and does not deal
with field theoretic scattering except for a few comments at the end.

In the multichannel case~such as rearrangement collisions!, in the ‘‘channel Hamiltonian’’
formalism, the statement is made that the basis states of one group of channels are not orthogonal
to the others10,11,13because they are eigenstates of different free Hamiltonians. As we can see, in
our model, the physical statesCuf, Df, andBu are strictly orthogonal to each other. Evidently,
this problem arises due to the use of ‘‘channel Hamiltonians’’ in the formalism. It is our belief that
the method of splitting up the interaction differently depending on which channel one is consid-
ering is fundamentally flawed because ‘‘every channel can be distinguished and is observable
independently in experiments. This means that these channels should be orthogonal to each
other.’’32 One method for ensuring orthonormality is given in Ref. 32; however, this method still
suffers from the flaws pointed out above.

It is straightforward to see the problems caused by this lack of orthogonality. We are in-
structed, in these formalisms, to begin with asymptotic states. Let us first consider the channel
Hamiltonian formalism. Then, the asymptotic states are the eigenstates of the channel Hamiltonian
in the sector we are considering. As an example, let us consider

uMBu~v!&&→uMDf~n!&&, ~13.2!

whereMB is the physicalB particle andMD is the physicalD particle. We immediately notice,
even before we consider any scattering, that theuMBu~v!&& state is not orthogonal to theuMDf~n!&&
state, as can be seen by inspection of Eqs.~5.10!, ~5.11!, ~5.12!, ~5.13!, and~5.14!. In other words,
two experimentally distinct channels are not orthogonal to each other. This will clearly lead to the
wrong S-matrix elements because it says that even if there is no scattering, there is a nonzero
probability that theuMBu~v!&& state will turn into theuMDf~n!&& state. We cannot even argue that
the two states are ‘‘asymptotically orthonormal’’10 because they clearly are not. This can easily be
seen by observing that bothuMBu~v!&& and uMDf~n!&& have expansion coefficients in the ‘‘bare’’
uCu~v!f~n!& sector. Therefore, as these states are neither orthonormal nor complete, we cannot
have an isometric or unitaryS-matrix, since orthonormality is necessary for isometry, and com-
pleteness for unitarity. However, we have constructed a set of orthonormal~and complete! solu-
tions for our system, a feat that many authors33 tacitly assume is not possible, and have a perfectly
isometric and unitaryS-matrix.

These problems with theS-matrix can be verified by explicit calculation. Since the calculation
is tedious, we describe the method, and leave it to the interested reader to verify the results. Our
interest is in the scattering of physical states, and so we must start by reexpressing the Hamil-
tonian, Eqs.~4.3! and~4.4!, in terms of the operators which create thephysical BandD particles.
We denote these operators byB andD , respectively. They are found by inspection of Eqs.~5.10!,
~5.11!, ~5.12!, ~5.13!, and~5.14!, which are the wave functions for the physical particles. To find
the expressions for these operators, we promote the statesuCf~n!&, uCu~v!&, uB&, and uD& to
operators, all acting on the vacuum, and read off the expansions for the operatorsB andD . In
other words,

B†5E dn rB~n!C†f†~n!1AZBB†, ~13.3a!
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D†5E dv rD~v!C†u†~v!1AZDD†. ~13.3b!

We reexpress the Hamiltonian in terms of these operators, which can be split into various channel
Hamiltonians, from which theS-matrix is calculated.

We can go even further than this. Consider the stateuMBu~v!&&, which is a product state of the
physicalB particle and a freeu particle. If we wanted the asymptotic state corresponding to this
then, by the Haag–Ruelle protocol, we should find that the components of this state are only in the
uCuf& and uBu& sectors, with no admixture of theuDf& state. However, we can use our exact
solutions to calculate this asymptotic state. We will find that this assertion will not hold true.

To calculate the asymptotic state, we take the limit

lim
t→2`

eiHCt e2 iHt uMBu~v!&&. ~13.4!

Inserting a complete set of states, we have

E dE dn lim
t→2`

eiHCt e2 iHt uE,n&&^^E,nuMBu~v!&&

1E dE dn lim
t→2`

eiHCt e2 iHt uE&&DD^^EuMBu~v!&&

1E dE dn lim
t→2`

eiHCt e2 iHt uE&&BB^^EuMBu~v!&&. ~13.5!

Expanding each of the physical states,uE,n&&, uE&&D , and uE&&B in terms of the bare states
uCu~v!f~n!&, uBu~v!&, and uDf~n!&, and taking the limit, it is immediately obvious that the ex-
pansion coefficients in theuDf~n!& sector are not zero.

As a physical example, consider the case of a proton bound to a fixed nucleus by a potential
VP , and bombarded by a neutron which interacts with the proton and the nucleus through the
potentialsVPN andVN , respectively.

32 The total Hamiltonian of the system is

H5KP1KN1VP1VN1VPN , ~13.6!

whereKP andKN are the kinetic energy of the proton and the neutron, respectively. The initial
state, denoted byF1,i , is given by

H1F1,i5EiF1,i , ~13.7!

where

H5H11V1 , ~13.8a!

H15KP1KN1VP , ~13.8b!

V15VPN1VN . ~13.8c!

Therefore, the initial stateF1,i is a product of a bound proton,fP
B(Ei

B), and of a free neutron
~represented by a plane wave!, uN(Ei2Ei

B), whereEi
B is the binding energy of the proton.

Several possible reactions can occur giving rise to different final products. Let us consider
four such reactions.
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~1! Elastic or inelastic collisions. The proton remains bound to the nucleus, and the neutron is
free after the collision. Therefore, the Hamiltonian is divided in the same manner as above.

~2! Exchange scattering. The neutron knocks out the bound proton and becomes bound to the
nucleus. The Hamiltonian is then divided as

H5H21V2 , ~13.9a!

H25KP1KN1VN , ~13.9b!

V25VPN1VP . ~13.9c!

Therefore, the final state is

H2F2,f5EfF2,f , ~13.10a!

F2,f5uP~Ef2Ef
B!fN

B~Ef
B!. ~13.10b!

~3! Ionization. The neutron knocks out the bound proton and both are free after the collision. The
Hamiltonian is then divided as

H5H31V3 , ~13.11a!

H35KP1KN , ~13.11b!

V35VPN1VP1VN . ~13.11c!

Therefore, the final state is

H3F3,f5EfF3,f , ~13.12a!

F3,f5uP~Ef
P!uN~Ef2Ef

P!. ~13.12b!

~4! Pickup. The proton and the neutron become bound and form a deuteron. The Hamiltonian is
then divided as

H5H41V4 , ~13.13a!

H45KP1KN1VPN , ~13.13b!

V45VP1VN . ~13.13c!

Therefore, the final state is

H4F4,f5EfF4,f , ~13.14a!

F4,f5uc~X,Ef2Ef
B!fPN

B ~r ,Ef
B!. ~13.14b!

Here,X is the center of mass coordinate of the deuteron, andr is the internal coordinate of the
deuteron.

The final states given by Eqs.~13.10!, ~13.12!, and ~13.14!, are eigenstates of different free
Hamiltonians. Thus, in general, they are not orthogonal to each other, and the concomitant prob-
lems follow.

The reason that these methods do not work properly is that the basis used is one in which
bound-state eigenfunctions of the Hamiltonians that bind each fragment are multiplied by plane
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waves for the fragment motion.13 In our model, because we have made no breakup, we get the
physically reasonable result that the wave functions of the bound states are always orthogonal to
the scattering states, and that the basis states of different channels are explicitly orthogonal to each
other. We do not have to worry about making the explicit assumption that as the separation
between the fragments goes to infinity, the overlap becomes negligible. This assumption may or
may not be true, and leads to the problems with ‘‘persistent interactions’’ considered by Van
Hove.4

We compare the results from the conventional formalism with those from the rearrangement
model in Table I.

In addition, even when it is not stated explicitly in the literature, it is often assumed that the
spectra of the bound states and the scattering~continuum! states do not overlap. However, it is
possible to construct models in which the spectra of one or more bound states overlap with the
continuum.34,35Therefore, this assumption is not necessarily true, and will in general depend upon
the details of the model under consideration. It is also possible to construct two different potentials
which can lead to the sameS-matrix with, in one case, redundant poles unnecessary for complete-
ness, and in the other case, with the same poles being absolutely necessary for completeness.36,37

This points out the need for resisting the temptation to identify the poles of theS-matrix with
physical bound states of the system.

More importantly, no authors have as yet worried about the evident normalization problem
with the asymptotic states because they are always assumed to be normalized. These states are not
normalized in the rearrangement model, and consequently, assuming orthonormality of the asymp-
totic states, in general, is very dangerous. In addition, we notice that in this model even though the
asymptotic states are not normalized, the interacting states are.

One approach that tries to avoid all these problems, especially in the cases of unstable par-
ticles and bound states, is that of analytic continuation7,19,23,24,38,39of the state spaceH into a
generalized vector spaceG . This has already been done for the case of the Lee model by
Sudarshan, Chiu, and Gorini,19 Parravicini, Gorini, and Sudarshan,20 and Böhm.40 For instance,
with this method, one can identify resonances and redundant poles, and study the decay of a
metastable quantum system. It can also be used for many other things, such as studying the
Khalfin observation that the decay of a metastable system with an energy spectrum bounded from
below can never be strictly exponential.41 See the above references for details.

XIV. SUMMARY AND CONCLUSION

In this work, we constructed a model that allows rearrangement collisions. We explored the
spectra and the complete set of orthonormal~ideal! eigenfunctions of this rearrangement model in
the rearrangement sector. Because of the structure of the effective Hamiltonian in this sector, we
were able to solve the model exactly. In a similar fashion as for the cascade model,7 we find that

TABLE I. Comparison of the properties of the rearrangement model to
various scattering formalisms.

Property
Conventional
formalism

Rearrangement
model

Asymptotic states normalized? Yes No
Asymptotic states orthogonal? Yes Yes
Asymptotic states complete? Yes No
V isometric? Yes No
S-matrix unitary? Yes Yes
Strong limit satisfied? No Yes
HC used? No Yes
Additional property for the
multiple channel case

Physical states orthogonal No No Yes
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the spectra can be interpreted as aB particle with energyMB,0 coupled to au particle with
energyv, 0,v,`; a D particle with energyMD,0 coupled to au particle with energyn,
0,n,`; and aC particle of energy 0 coupled tou and f particles with energiesv and n,
0,v,n,`. We see that the interacting field theory has a particle interpretation.

Both theB and theD particles suffer mass renormalizations, and these mass renormalizations
alter the threshold of theBu andDf continua, respectively. In Eqs.~6.5b! and~6.6c!, we also see
the presence of both the mass and wave function renormalizations of theB andD particles in the
plane wave parts of their respective wave functions.

We have throughout emphasized the importance of using the comparison Hamiltonian~the
diagonalized form of the effective Hamiltonian! because it is isospectral with the full Hamiltonian.
Its spectrum differs from that of the free Hamiltonian by the alteration of theBu andDf continua,
and by the addition of a discreteA state. These effects are nonperturbative and, as emphasized in
Ref. 7, can only be handled by a renormalized perturbation scheme in whichHC , notH0, is taken
as the starting point.

Our results are surprising when compared to what we would expect from conventional scat-
tering theory. We find that while the interacting state vectors are normalized, the asymptotic states
are not. Moreover, the asymptotic states are neither orthonormal nor complete because of the
presence of the wave function renormalization factors in the physicalDf andBu sectors. We note
that this lack of orthonormality and completeness is absolutely necessary. If we construct the
S-matrix from these states, we get the correct result~i.e., it is the sameS-matrix as the one
constructed from the full state!. On the other hand, if we did not allow the wave function renor-
malization factors because of our demand that the asymptotic states be orthonormal and complete,
we would get the wrongS-matrix. Furthermore, for the strong limits@Eqs.~2.26!# to hold, we must
again make sure to have these nonorthonormal and noncomplete states. We also find that our
physicalCuf, Df, andBu states, while being the basis states for different channels, are strictly
orthogonal to each other. Further, the Mo¨ller matrix, as defined in the literature is not isometric: it
does not preserve the norm of the states. However, we defined a generalized Mo¨ller matrix which
is not only isometric, but unitary. All these results are contrary to the usual formalisms of quantum
scattering theory.

More generally, we argued that the correct procedure, for any HamiltonianH, is to take its
complete set of eigenstates, and an associated isospectral comparison Hamiltonian,HC . The
matrix of normalized eigenfunctions ofH constitutes the generalized Mo¨ller matrix, which is
unitary and intertwinesH andHC .

This model is a very simple one. However, even this simple model is enough to show the
problems with conventional perturbation theory, and the conventional formulations of scattering
theory. It is clearly necessary in the light of this model, and previous work on the existence of
redundant poles in the scattering amplitude36,37 and the presence of discrete solutions degenerate
in energy with the scattering continuum,34,35that a fundamental reexamination be made of some of
the postulates and assumptions of conventional quantum scattering theory.
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APPENDIX: SOME USEFUL FORMULAS

The following formulas are very useful for the calculations in the main text. By our definitions
in Sec. VI we have the following ranges for our variables:

0<l<`, ~A1!

0<m<`, ~A2!
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0<n<`, ~A3!

with E being free to run over all values.
We then have the easily proved identities

ug~l!u25
1

2p i
@b~l!2b* ~l!#, ~A4!

u f ~m!u25
1

2p i
@a~m!2a* ~m!#, ~A5!

ug~l!u2

ub~l!u2
52

1

2p i F 1

b~l!
2

1

b* ~l!G , ~A6!

u f ~m!u2

ua~m!u2
52

1

2p i F 1

a~m!
2

1

a* ~m!G , ~A7!

ug~E2l!u2

ub~E2l!u2
52

1

2p i F 1

b~E2l!
2

1

b* ~E2l!G2ZBd~E2l2MB!, ~A8!

u f ~E2m!u2

ua~E2m!u2
52

1

2p i F 1

a~E2m!
2

1

a* ~E2m!G2ZDd~E2m2MD!. ~A9!

Equations~A8! and ~A9! follow becauseE2l andE2m can be less than zero, and thus pick up
singularities atMB,0 andMD,0, respectively. On the other hand,l andm are always greater
than or equal to zero, and so cannot pick up any singularities.

Another useful identity is

g~E!5E dl
ug~l!u2

ub~l!u2
1

a~E2l!
1

ZB
a~E2MB!

, ~A10a!

5E dm
u f ~m!u2

ua~m!u2
1

b~E2m!
1

ZD
b~E2MD!

. ~A10b!

We can easily show this by means of the contours in Figs. 1 and 2. If we convert the integral in
Eq. ~A10a! into a contour integral by using Eq.~A6!, we get

S 2
1

2p i D EC1dz 1

b~z!a~E2z!
1

ZB
a~E2MB!

, ~A11!

with the contour shown in Fig. 1. Then, we make a change of variables fromz to E2z to get

S 2
1

2p i D ~21!E
C4

dz
1

a~z!b~E2z!
1

ZB
a~E2MB!

, ~A12!

with the contour shown in Fig. 2. Now we deform the contourC4 and write it as the contourC3
plus the circle at infinity, while picking up the contributions from the residues of the integrand.
Note that the circle at infinity gives no result, so we have
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S 2
1

2p i D ~21!~21!E
C3

dz
1

a~z!b~E2z!
1S 2

1

2p i D ~21!~2p i !
ZD

a~E2MD!

1S 2
1

2p i D ~21!~21!~2p i !
ZB

a~E2MB!
1

ZB
a~E2MB!

. ~A13!

TheAZB terms cancel, and the first two terms are Eq.~A10b!, by definition. Therefore, Eq.~A10a!
is equal to Eq.~A10b!, and the identity is established.

We can similarly show that

E dl
ug~l!u2

ub~l!u2
1

a~E2l!

1

~l2n1 i e!
5E dm

u f ~m!u2

ua~m!u2
1

b~E2m!

1

~E2m2n1 i e!

FIG. 1. Contour for Eq.~A10a!.

FIG. 2. Contour for Eq.~A10b!.
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2
1

a~E2n!b~n!
1

ZD
b~E2MD!~E2MD2n1 i e!

2
ZB

a~E2MB!~E2MB2 iv1 i e!
. ~A14!

Using Eqs.~A7!, ~A8!, and~A10! we can get another useful formula:

E dn
u f ~n!u2ug~E2n!u2

ua~n!u2ub~E2n!u2
5

g~E!2g* ~E!

~22p i !
2ZD

ug~E2MD!u2

ub~E2MD!u2
2ZB

u f ~E2MB!u2

ua~E2MB!u2
.

~A15!

Finally, in Fig. 3, we display the branch cuts and poles of 1/g(z) which are used in showing
the completeness of our solution set.
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8C. Möller, K. Danske Vidensk. Selsk., Mat.-fys. Medd.23, 1 ~1945!.
9D. Ruelle, Helv. Phys. Acta35, 147 ~1962!.
10H. Ekstein, Phys. Rev.101, 880 ~1956!.
11P. A. M. Dirac, Can. J. Phys.33, 709 ~1955!; T.-Y. Wu, ibid. 34, 179 ~1956!; B. A. Lippmann, Phys. Rev.102, 264

~1956!; S. Altschuler,ibid. 91, 1167 ~1953!; 92, 1157 ~1953!; T. Fulton and G. E. Owen,ibid. 108, 789 ~1957!; E.
Gerjuoy, Ann. Phys.5, 58 ~1958!; G. Mohan, Nuovo Cimento13, 1065~1959!.

12J. M. Jauch, Helv. Phys. Acta31, 661 ~1958!.
13R. G. Newton,Scattering Theory of Waves and Particles, 2nd ed.~Springer, Berlin, 1982!.
14R. G. Newton, Ref. 13, p. 145.
15H. Ekstein, Phys. Rev.101, 883 ~1956!.
16R. G. Newton, Ref. 13, p. 480; W. O. Amrein, J. M. Jauch, and K. B. Sinha,Scattering Theory in Quantum Mechanics

~Benjamin, Reading, MA, 1977!.
17C. Chiang, C. B. Chiu, E. C. G. Sudarshan, and X. Tata, Phys. Rev. D26, 2092~1982!.
18G. Barton,Introduction to Advanced Field Theory~Interscience, New York, 1963!, p. 85.
19E. C. G. Sudarshan, C. B. Chiu, and V. Gorini, Phys. Rev. D18, 2914~1978!.
20G. Parravicini, V. Gorini, and E. C. G. Sudarshan, J. Math. Phys.21, 2208~1980!.
21C. B. Chiu, E. C. G. Sudarshan, and B. Misra, Phys. Rev. D16, 520 ~1977!.
22X. Tata, E. C. G. Sudarshan, C. B. Chiu, and C. C. Chiang, Phys. Rev. D26, 2114~1982!.

FIG. 3. Contour for the function 1/g(z).

1711S. Varma and E. C. G. Sudarshan: Scattering theory with rearrangement collisions

J. Math. Phys., Vol. 37, No. 4, April 1996

Downloaded¬17¬Apr¬2003¬to¬128.83.131.133.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jmp/jmpcr.jsp



23C. B. Chiu and E. C. G. Sudarshan, Phys. Rev. D42, 3712~1990!.
24E. C. G. Sudarshan and C. B. Chiu, Phys. Rev. D47, 2602~1993!.
25E. C. G. Sudarshan,Proceedings of the 1961 Brandeis University Summer Institute~Benjamin, New York, 1962!.
26E. C. G. Sudarshan, Phys. Rev. D50, 2006~1994!.
27P. D. Lax and R. S. Phillips,Scattering Theory, revised ed.~Academic, New York, 1989!.
28G. Mohan, Suppl. Nuovo Cimento5, 440 ~1956!.
29H. Araki, Ann. Phys. Acta11, 260 ~1960!.
30E. C. G. Sudarshan, C. B. Chiu, and G. Bhamathi, Physica A202, 540 ~1994!.
31B. S. DeWitt, Phys. Rev.100, 905 ~1955!.
32S. Sunakawa, Prog. Theor. Phys.~Kyoto! 24, 963 ~1960!.
33M. L. Goldberger and K. M. Watson,Collision Theory~Wiley, New York, 1964!, p. 117; N. F. Mott and H. S. W. Massey,
The Theory of Atomic Collisions, 3rd ed.~Clarendon, Oxford, 1965!, p. 436.

34E. C. G. Sudarshan, inField Theory, Quantization and Statistical Physics, edited by E. Tirapegui~Reidel, Dordrecht,
1981!, p. 237.

35J. von Neumann and E. P. Wigner, Z. Phys.30, 465 ~1929!; B. Simon, Commun. Pure Appl. Math.22, 531 ~1967!.
36S. N. Biswas, T. Pradhan, and E. C. G. Sudarshan, Nucl. Phys. B50, 269 ~1972!.
37S. T. Ma, Phys. Rev.69, 668 ~1946!; 71, 195 ~1947!.
38E. C. G. Sudarshan, Phys. Rev. A46, 37 ~1992!.
39E. C. G. Sudarshan and C. B. Chiu, inA Gift of Prophecy: Essays in Celebration of the Life of Robert Eugene Marshak,
edited by E. C. G. Sudarshan~World Scientific, Singapore, 1995!.
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