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We present an exactly solvable quantum field theory which allows rearrangement
collisions. We solve the model in the relevant sectors and demonstrate the ortho-
normality and completeness of the solutions, and construc-thatrix. In light of

the exact solutions constructed, we discuss various issues and assumptions in quan-
tum scattering theory, including the isometry of the IMowave matrix, the nor-
malization and completeness of asymptotic states, and the nonorthogonality of
basis states. We show that these common assertions are not obtained in this model.
We suggest a general formalism for scattering theory which overcomes these and
other shortcomings and limitations of the existing formalisms in the
literature. © 1996 American Institute of Physids$S0022-24886)01602-5

I. INTRODUCTION

Quantum scattering has been an important subject of study since the early days of quantum
physics. Unfortunately, while we have a reasonable understanding and intuition for simple scat-
tering problems, such as single channel scattering, we cannot say the same for more general
scattering problems such as multichannel scattering, rearrangement collisions, field theoretic scat-
tering, problems where bound states appear, and the like. There have been many attempts to
generalize scattering theory to deal with more complicated cases. However, the literature in this
field, though vast, is highly implicit and not constructive. Most authors that have dealt with the
problem have carried over the intuition developed from the study of single channel potential
scattering. This intuition, while quite adequate for simple problems, is ill-equipped to deal with
more complicated scattering problems. Therefore it is important to examine the common claim by
some authors, for example, Hahgthat their formalism is general enough to encompass compli-
cated scattering problems, as well as field theory. Unfortunately, most such formalisms are based
largely on previous results from potential scattering. Furthermore, even when these problems are
addressed in quantum mechanical scattering, field theoretic scattering remains problematical.
Many papers, such as the paper by Gell-Mann and Goldb&tges field theoretic scattering as
somewhat of an afterthought, without much development from first principles, or such as the
papers by Van Hové{reat it as a case for discussion. The first clear development of field theoretic
scattering from first principles was the seminal paper by Lehmann, Symanzik, and Zimmerman
(LSZ2).° However, the LSZ formalism is not applicable in many cases, for example, collisions in
which stable bound states appear. This is, in fact, pointed out by the authors themselves.

All this leads to the question: how many of our results and assumptions, and how much of our
intuition can we carry over from simple single channel potential scattering to more complicated
scattering situations? To attempt to answer this question, we will construct an exactly solvable
sector for a quantum field theory. This model has a three particle sector, and allows rearrangement
collisions. We will use the solutions of this model, along with previous results, to point out where
the existing formalism has defects and shortcomings.
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Our model, which we shall call the rearrangement model, is an elaboration of the Lee®model,
and the cascade modebut with extra particles and couplings chosen in such a way as to allow
rearrangement collisions. The couplings of the modelBareC ¢ andD < C#. This model has a
sector, which we shall call the rearrangement se®®k- Co¢p«— D ¢, in which rearrangement
collisions can take place. The model can be applied directly to physical problems involving
rearrangement collisions. We shall, however, leave the applications to subsequent work.

This model is interesting because it is a very simple one, and yet contains the essence of many
phenomena that can take place in an interacting system. It displays the following characteristics:

(1) New states can appear, which have no corresponding states in the original Hamiltonian.

(2) The thresholds and continuous spectra shift, and the spectiaasfd H, are not the same.
Furthermore, the continuous spectra are shifted by different amounts.

(3) Genuine rearrangement collisions can take place. We have the subadditivity of the spectra: the
spectra in the higher sectors is the sum of all the spectra in the lower sectors, with possible
additional terms.

We will construct the solutions of this model, and then, in light of the solutions we have
constructed, will examine various assumptions and assertions made in the literature about quantum
scattering theory. In particular, we will focus on four key points, that of the isorhefithe
Moller wave matrix@ the normalizatioh and completene$sof the asymptotic states, and the
nonorthogonality of the physic&6, C6¢, andD ¢ states"''We shall show that these assertions
are not obtained in this model. We also comment on the use ofrém@rmalized free Hamil-
tonian in the literaturé:>%1%2rather than the correct prescription, which is to use the isospectral
comparison Hamiltoniagsee Sec. VII).

The plan of this work is as follows. We start with a review of scattering theory in both the
single channel and multiple channel cases. In the next three sections, we introduce the Hamil-
tonian of the rearrangement model, show how explicit solutions can be found for this model in the
rearrangement sector, and verify that the solutions obtained are, in fact, solutions to our model. We
then show that the solutions obtained are orthonormal and complete. Ther khatrix and the
comparison Hamiltonian are written down, and we show that the comparison Hamiltonian is
isospectral with the full Hamiltonian, but not with the free Hamiltonian. Then we calculate the
S-matrix of the system in this sector, demonstrate its unitarity, and calculate its eigenphases. In
Sec. XllI, we present a general formalism for scattering theory which overcomes the shortcomings
and limitations of the existing formalisms in the literature. In Sec. XIIl we discuss scattering
theory and its relation to the solutions that we constructed, and to previous work. Finally, in Sec.
XIV, we summarize our work and present our conclusions.

II. THE SINGLE CHANNEL FORMALISM

For our purposes, it makes no difference whether we use the time dependent or time indepen-
dent formalisms of scattering theory. We are concerned with the assumptions and results that are
obtained from the formalisms, and they remain essentially the same in both cases. We shall
therefore restrict ourselves to the time dependent formalism in Secs. Ill and IV. We follow the
treatment of Newtol? for both sections.

The discussion in Secs. Ill and 1V is supposed to be very general. In fact, even though the
method described deals with the nonrelativistic region, “the formalism set up is such that, pro-
vided there exists a consistent relativistic quantum field theory, the transition to the relativistic
domain is relatively simple** However, we find that even in such a simple model as our rear-
rangement model, these anticipations aoéfulfilled. This formalism leads to wrong and contra-
dictory results, as will be discussed in Sec. XIII.

We wish to solve the Schdinger equation
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)
| (O =HY (). 2.0

We splitH into a free Hamiltonian and an interaction Hamiltonian,
H=Hy+H". (2.2

We assume that this split can be carried out: we shall consider the case of rearrangement collisions
later. We define four Green’s functions:

(i %—HO)G*(t):la(t), (2.33

(i %—H)f;i(t):la(t) (2.3b
with the initial conditions

G*(t)=<*(t)=0, t<O, (2.43

G (t)=<(1)=0, t>0. (2.4b

G* and <" are therefore the advanced Green’s functions, &1dand &~ are the retarded
Green’s functions.
These may be solved formally, yielding

G*(t)=—i e Holg(t), (2.5a
G (t)=i e Hotg(—1), (2.5b
sH=—ie Mg, (2.50
(=i e "Hto(—1). (2.50

Let Wy(t) be a state vector satisfying the free Salinger equation. The operatG* can then
be used to express the state vecg(t’) for any timet’ later thant, in terms of its value at’ =t,

Wo(t)=iG (1" —t)W(t). (2.6)
T,(t') then satisfies the free Scldinger equation fot’>t, and W y(t')— ¥ (t) whent’' —t.
Therefore,
lim G*(t)= lim “(t)=—i1, (2.79
t—o" t—0"
lim G~ (t)= lim £ (t)=il. (2.7b
t—0" t—0"

Similarly, fort’>t we can write
P(t)=igt (' —t)P(t) (2.9
and fort’ <t we have

Wo(t')=—iG (1’ —t) (1), (2.93
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Y(t")=—iZ (t'—t)W(t). (2.9
We now wish to define “in” and “out” states. We start by defining
Wo(t)=iGT(t—t")W(t"), (2.10

whose time development fab-t' is governed by the free Hamiltonian, but which at titgevas
equal to¥(ty). We now let the timeé’ approachtcc. Then, for the case df— -+, we have the out
state, and for the case ¢of>—o, we have the in state. In terms of the in and out states, the
equations for¥(t) are

\If(t)=\Ifm(t)+J+wdt’ CHU—tHH P (") (2.11a
=\Ifout(t)+J’+xdt’ G (t—tH W (t'). (2.11b

Note that these are retarded and advanced Green’s functions fathtiie systemThese arenot
the same functions as those that appear (tinae orderegl Dyson series which are, instead, time
orderedparticle propagatorsNote also that for every state in the continuous spectrukifand
only for such states, these formulas define a corresponding state in the specttum of

If we insert Eq.(2.9b in Eqg. (2.119, we find

‘lf(t)=Q<+)\Ifin(t), (2.12
where

+

mdt SH-tOH'G (1) (2.13

— oo

+ o0
Q<+>=1—if dt’ f'/(*(t—t’)H’G‘(t’—t)=1—if

—o0

is called the wave operator or the Mo matrix. We can similarly defin€(".
BecauseH’ is Hermitian, Eq.(2.13 gives us the relation

V() =0H (), (2.143
and similarly
V() =0 (1), (2.14b
Then, Eq.(2.12 and Eqgs.(2.14 give us the relations
v ()=0D"0Ow, (1), (2.153
T (H)=0"00w (1), (2.15b

We now consider the possibility that the free stalggt) and ¥, (t) span the entire Hilbert
space, i.e., they are complete. From this assumption, we conclude'thand Q™) are isometric,

oMo =g o-1=1 (2.16
This does not, however, mean that #i&s are unitary: we cannot conclude from Eg.153 that
Eqg. (2.16 holds with its factors reversed.
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Furthermore, granted the assumption that g and ¥, each form complete sets, we
conclude that

HO®) = QS H,. (2.17)

When there are bound states in the spectrud ofve proceed as follows. Léky(E,a) be the
eigenstates of the free Hamiltonian with eigenvalijeand a be the set of variables necessary to
remove any degeneracy. Then, the completeness of these states can be written as a resolution of
the identity

1=§ J’:dE Vo(E,a)¥,'(E,a). (2.18

We again emphasize that we do not know whether the statdg afe completea priori. We are
simply proceeding under that assumption. We then insert this into the prodiicto get

QQT=Qf dED, \I'O(E,a)‘IfOT(E,a)QT=f dED, V(E,a)¥'(E,a)=1-A.
0 a 0 a
(2.19
A is called the unitary deficiency @. From the completeness of the set of all states, bound
and scattering, oH,
.
A:; YW (2.20

Thus, A projects onto the space spanned by the bound statds ibfH has no bound states, then
Q" andQ™ are unitary. Boti andH, are Hermitian; therefore, the Hermitian conjugate of Eq.
(2.17 gives

HoQT=Q™H. (2.22)
We now let both sides of Eq2.21) act onW(E,a) to get
HoQ W (E,a)=EQ™W(E,a), (2.22
which shows that iE is in the spectrum oH but not in the spectrum dfl; then
Q" (E,a)=0,
and so
QTA=0. (2.23

Thus, the range of the operatd$™ is not the entire Hilbert space. Instead, these operators
map the whole space onto the subspace spanned by the continuum eigendthté&¥eotannot
reach the subspace spanned by the bound statds ahd therefore, cannot construct an inverse

operator for the whole space. The closest that we can come is to use the oﬁéféﬁémhich are
inverses ofQ™) on the subspace of states spanned by the scattering statés afd which
annihilate the subspace of bound state$iof

Assuming that the asymptotic states are complete, we construstriegrix in the following
manner. We use Eq$2.15h and(2.12 to write the out state in terms of the in state,

W ou(H) =00 (1), (2.24
J. Math. Phys., Vol. 37, No. 4, April 1996
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which defines for us th&-matrix
s=0"0H), (2.29

The S-matrix can be shown to be unitary and isometric. See Nettton details; note, however,
that S is only unitary when() is unitary. (This point is not clearly stated in Newton, or in the
literature)

Some mathematical questions about convergences arise in the above. Conventionally, in the
Schralinger picture(the one in which we are currently workingne demands thésee Newtoft

for detailg
lim [W(t) = ¢in(1)]=0, (2.263
t——o
lim [W(t) = ¢ou(t)]=0, (2.26b
t— 4o
lim  i,(0)=¥(0)=0"9,(0), (2.260
t——x

where= denotes the strong limit.

We will find, in our model, that if we construct the asymptotic in and out states correctly, these
limits will be satisfied; however, the states will not be orthonormal or complete. On the other hand,
if we make the usual assumptions of scattering theory, namely that the asymptotic states are
orthonormal and complete, then these limits will not be satisfied.

lll. THE MULTIPLE CHANNEL FORMALISM

The above formalism is only adequate for simple single channel cases. For more general
scattering problems, such as rearrangement collisions, we must generalize the formalism. We shall
again follow Newtort?

We want to split up the Hamiltonian into two pieces: one piétg, that is left when the two
initial fragments are taken far apart, and the remaining pieide, We can then go through the
same development oF(t) from W¥;,(t) as above. However, there is a difficulty that occurs for the
development for the distant future. If rearrangements or breakups can occur, then it is possible that
the “channel” Hamiltonian in the future is different than the channel Hamiltonian in the past.

The various possibilities for an-particle system are handled by defining a partition of them
into k clusters, denoted by, . Given a partitiora, we defineH , by allowing all distances between
clusters to independently tend to infinity. Therefoke, will contain only interactions that are
internal to clusters, but none between them. Thehis defined by the requirement thidt= H,

+ H/, and therefore, for any two partitiomsandb, we have

H=H,+H,=Hp+H,. (3.0

To each partition, there will correspond Green’s functions given by

H a + —
(| E—Ha>G A0 =15(1), (3.2

with the same boundary conditions as E@s4). If H,, after removing the kinetic energy of the
center of mass motion and of the centers of mass of its clusters, has at least one bound state, it is
called an arrangement channel. When this conditiotHgrdoes not hold, the channel is not of
interest as an initial or final scattering stateHf has more than one bound state, then each of
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them defines a separate channel, and therefore, in each channel the clusters are in a specific bound
state but moving freely relative to one another. The channel consisting of the etiuster
partition is the channel 0 because thép=H,.

Now consider the space of each arrangement channehich we shall denote by7, . Then,
if a hasm fragments, each state iw, will have m groups of bound particles. This means that
unless the channel is the entiren-fragment arrangement channe¥/, will not be the whole
Hilbert space: the ionized eigenstatesbf will be missing. Furthermore, as each, is defined
by different channel Hamiltoniang],, the 7,’'s are generally not orthogonal to each other. In
fact, “the complete set of basis functions is not linearly independent and, of course, not
orthonormal.™®

It will be convenient to define the orthogonal projectidghsonto the channel space#;, . In
other words, we define

Pi=Pa, Pl=Pa, PoFa=7a, 33

with the null space ofP, defined as the space spanned by the ionized eigenstatdg.oP,
projects states from the full Hilbert spac& to the channel space%,. Obviously, for the
n-cluster arrangement channel, we hd¥g=1.

We now wish to define in and out states. We first defineaastate, which is a state that
develops according tbl, but is in. 7,

(i %—Ha>‘1'a(a,t)=0, (3.9

where the labekr contains all the other information including the arrangement chatewan
though including the arrangement channetiis redundant fol ,( «,t), it is convenient for other

purposes
We then definel"(at) as a state in that develops according td,

. d
<| E—H)\If”)(a,t)zo, (3.5
and for which there exists am state such that

lim (¥ (a,t), ¥ (a,t))=1. (3.6)

to—

Therefore, the statd,(a,t) is the in state¥;,(a,t) in relation to the statel*(a,t). Equation
(3.6 demands that the probability of finding the system in stitd «,t) in the remote past
approach 1, and therefore, it is equivalent to

P = W (at) (3.7a

tos—w

or

f dtiGI(t—t")V ) (a,t’) = Wi(a,t), (3.7b

feae
with the double arrow denoting the strong limit.
Similarly,
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J dt'(—i)G, (t—t"H P N(a,t’) = ¥y {a,t). (3.9

t——

Exactly analogous to Eq$2.11), we can now write

+ oo

\P(Jr)(a,t):‘lfin(a,t)-i-f dt’ CH(t—t")H V(e t"), (3.99
—+ o0

\If<*>(a,t)=x1fom(a,t)+f dt’ & (t—t")H ¥ a,t’). (3.9b

We can now define the Mier matrices, and th&matrix. The Mdler matrices are defined by
V= (a,)=Q5V (a,1), (3.10

with only those state¥, admitted which are in7,. On the orthogonal complemefite., the
ionized eigenstates d¢f,) Q) is defined to be zero,

QFp,=0),
Then, on the space?,, using Eq.(3.93, we find

Q=P +K{",
S 0 ) )
Kﬁf):—if dt &*(—t)H;G’a(t)Pa:—if dt e"'H, e Ha'p,,

and therefore,

Q(a+): lim et e—iHatpa_ (3.11

t——x
We can similarly find, on7,, that

Q) =limeMt e Malp,. (3.12

t—oo

The range oﬂg” is the space of all full states that develop from arrangement chanaeld
the range ong‘) is the space of all full states that develop into arrangement chanhet us call
these ranges#."”) and.7{ ), and their respective orthogonal projectio@§"”) and Q| . The
Moller matricesQ™ map.7, onto.7%, and from Eqs(3.10 we find that on{" and .z,
respectively,

Vo (a,) =V, (a,) =0 WO (@, t) =T, (a,t) =0 T (at). (3.13

Therefore, because thie,(«,t) span the spacé?, , we find that the Mber matricesQ{") are
partially isometric from the spac#,, i.e.,

T +
o= alH=p,. (3.14
Similarly, theQ ()" are partially isometric from the ranges() of the O, i.e.,

+ +)t +
olFal® =\, (3.15
J. Math. Phys., Vol. 37, No. 4, April 1996
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which defines thngt). The full states developing from or into any arrangement channel are
orthogonal to each other as can be seen by direct evaluation of the inner products of asymptotic
states. “If the two arrangement channels are different, then there must be at least one particle for
which the ‘overlap’ of the two states was negligible in the remote past because it belonged to a
different fragment. Hence that inner product must vanish for all tintés.”

A major point of difference with our results from the rearrangement model is the statement,
“note that the same argument shows that the inner product

(\Pb(ﬁit)vqia(a7t)) (316

approaches zero as»* (for a#b). But sinceH,#H,,, it is not independent of and hence it
does not generally vanish féinite times” (emphasis addéd?® In the rearrangement model, this is
untrue: we show in Sec. VIl that our states are all orthogonal to each other.

From the Schrdinger equation, one can write

HO =00 H,, (3.17)

which means thaf) intertwinesH andH,. This again is a major difference with the rearrange-
ment model, because we show in Sec. VI tlfatintertwinesH and He, whereH¢ is the
comparison Hamiltonian, which has the same spectrurd;akere,H, does not have the same
spectrum asi.

Our channel definitions could also include the single cluster arrangement channel, which is the
channel of all then-particle bound states &f. If we defineA to be the orthogonal projection onto
that subspace, then for alwe have

QL A=0. (3.18

Now, every nonbound state must be decomposable into states that arise from, or go into, one of the
other arrangements. Therefore, we assume

A+ Q=1 3.19

which is known as asymptotic completeness.
Using Egs.(3.12, (3.17), and(3.19, we may then define a unita§-matrix,

T (at) = \Ifouét)=§ SoaVa(a,t), (3.20

t——o
where
T
Spa=04 7 QL. (3.21)

The mathematical questions of convergence are the same here as for the single channel case,
as in Eqs(2.26).

IV. THE REARRANGEMENT MODEL

To keep contact with earlier work, we shall use a combination of the notations of Refs. 7 and
17, as far as possible. We consider a quantum field theory with five distinct fiel€s,D, 6, and
¢, and the corresponding particléso antiparticles

The nonzero commutators are
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[B,B"]=[D,D']=[C,C']=1,
(4.1
[0(0),0'(0")]=8(0' —0), [¢(v),¢'(v)]=8r —v).

Note thatd and ¢ are labeled by continuum parameters; @ v<ce, while B, C, andD are
treated as single modé$nfinitely heavy”).X® We choose to use the energy as our variable, rather
than momentum, because this makes the model much simpler, and more physically transparent.
We want a total Hamiltonian for the system which allows the transitions
B—~Co¢
and
D—Ca.
Therefore, we choose our Hamiltonian to be

H=Ho+V, (4.2

where
H0=mBBTB+mDD*D+J dw wﬁT(w)G(w)-l-J dv vo'(v)d(v) 4.3
and
v=f dw f(w)ﬂ(w)CDTJrf dw f*(w)ef(w)cfmf dv g(v)¢(v)CB'

+f dv g*(v)¢'(v)C'B. (4.4)

This Hamiltonian has three constants of motion apart from itself. They are

C,=B"™B+C'C+D'D, (4.59
CZ=BTB+f dv ¢T(v)d(v), (4.5b
C3=DTD+f do 6'(w)b(w). (4.50

Therefore, no transitions can occur between sectors labeled by different values of these quan-
tum numbers. Let us start by enumerating the stable sectors. The first such sector is the vacuum
and hasC,;=C,=C3;=0. The next three areC;=1, C,=0, C3=0; C;=0, C,=1, C3=0; and
C,=0,C,=0, C5=1. These correspond to the sta@s¢, and 6, respectively. Finally, there is the
sector withC,=0, C,=1, C3;=1,; it corresponds to a statib.

The three lowest nontrivial sectors are

C,=1, C,=1, C3=0, (4.69
C,=1, C,=0, Cs=1, (4.6b
C]_:l, C2:1, C3:1 (460
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These correspond B+ C¢, D« C#, andBd— CHd«— D ¢, respectively. The last of these is the
sector in which rearrangement collisions can take place, and as mentioned before, we shall call
this the rearrangement sector.

Our strategy for solving the model in the rearrangement sector will be to first construct the
solutions of the two lowest nontrivial sectors, EG&63 and(4.6b (which are exactly analogous
to the Lee modeg| and then use these solutions to express the rearrangement sector equations.

V. SOLVING THE MODEL

We start by constructing the solutions for tBe-~ C¢ andD+« C# sectors. These are exactly
the same as the Lee model, so the solutions are simple. We shall denote nonintéthatied)
states by single bras and kétg), and interacting statg$dressed” or “physical”) by double bras
and kets({(,))).

The equations we need to solve for the continuum solutions are

HIN))=A[N)) (5.1a
in the B« C¢ sector, and
Hlw))=plp)) (5.1b
in the D~ C# sector.
We define
o f 2
a(z)zz—mD—fO do |Z(_w()o| , (5.2
2
B(z)=2—m f dv |g(V)| , (53
pr8(1)=(Ch(V)[\)), (5.4
Pup(@)=(CO(w)|u)), (5.5
ons=(B[\)), (5.6
0, 0=(D|u)). (5.7

For shorthand, we will writex(\) for a(A+i€) anda* (\) for a(A—i€), and similarly forg(\). In
terms of these, the solutions are

pre(v) =\ — )+L:T:, (5.83
pupl®)= 8w+ LD, (5.80
awzf%, (5.80
aM_D:;((—’;)). (5.89

J. Math. Phys., Vol. 37, No. 4, April 1996

Downloaded-17-Apr-2003-t0-128.83.131.133.-Redistribution-subject-to-AlP-license-or-copyright,~see=http://ojps.aip.org/jmp/jmpcr.jsp



S. Varma and E. C. G. Sudarshan: Scattering theory with rearrangement collisions 1679

If «(z) develops zeros then we have additional discrete states. Similagfz)f develops
zeros then again we have additional discrete states. For our purposes, we shall always assume that
both a(z) and B(z) have exactly one zero each, which are denotetlgyandMg, respectively.
There is no loss of generality if we use this assumption because the extension to more than one
zero is trivial. The equations for the discrete states are

HIMg))=Mg|Mpg)) (5.99
in the B« C¢ sector, and
H[Mp))=Mp|Mp)) (5.9
in the D C# sector. We define
pe(v)=(Co(v)|Mg)), (5.10
po(®)=(Ch(w)|Mp)), (5.19
VZg=(B|Mg)), (512
VZp=(D|Mp)). (5.13
In terms of these, the normalized solutions are
pa(v)=\Zg ,a*B(_V)V, (5.143
po(@)=VZp ,\;*( (5.14H
zo=| 1+ [ av % , (5149
B
Zo=| 1+ [ do (Mi“’)f) ) (5.149

where the last two are obtained by imposition of the orthonormality condition. Note that these
solutions, Eqs(5.8) and(5.14), form a complete orthonormal set.

Now, we use these solutions to construct the solutions in the rearrangement sector. In this
sector we will have four sorts of solutions. The first will correspond to the phylSdit) ¢(v)))
sector, the second to the physit@lé(v))), the third to the physicaB é(w))), and the last to one
or more dynamically generated bound states, which we shall dendtd by . Which solution is
obtained will depend on whether we put the delta functi@grisich represent the plane wave parts
of our solution$ in our solutions. If we put none, we get the discrete states.

We wish to solve the eigenvalue equation

H|E))=E|E)). (5.15

We expand Eq(5.15 in terms of6'(w)|\)), 6'(w)|Mg)), ¢'(»)|w)), and¢'(»)|Mp)). By acting on
these states with the Hamiltonian, and using Egsl) and (5.9) we get

(E-A—w){((\|6(w)|E))=f*(w)((\|[C'D[E)), (5.163
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(E~Mg—w){(Mg|6(w)|E))=f*(w)((Mg|C'D|E)), (5.16h
(E—p—v){(u|d(v)|E))=g*(v){(u|C'BIE)), (5.160
(E=Mp—»){{(Mp|¢(»)|E))=g*(»){(Mp|CB|E)). (5.160

We need to evaluate the unknown matrix elements on the right-hand side of5E. We
solve for these elements by insertifgin them, commuting it on one side, and letting it act on
|E)) on the other. For example, we can solve 6x|C'D|E)) in the following manner:

((\[C'DHIE))=E((\|C'D|E))=((\[{HC'D+[C'D,H]}|E))=E((\|C'DIE)).

We now letH in the first term of Eq(5.17) act on{(\|, and evaluate the commutator in the second
term. We proceed similarly for the other three equations and, when all the dust settles, get

(E-A-mo)(A[CD'IE)= [ da f<w><<x|e<w>|E>>—oA,B*H do f(w)

X

[ v o st N+ Zatimel ool
+ [ av o] [ an’ o, pitwomiE)

) (5.183

+Zo((Molo] )

(E—MB—mD><<MBICD*|E>>=fdw f(w><<MB|9<w>|E>>—¢z_BHdw f(w)

X

[ 0 o st o) + Zatimel sl
+ [ av Q(V)Udu’ 0 (| $() [ED)

, (5.18b

#Zol (Mol 4(n[E)) |

(B u=mo)(ICBTIEN = [ dv o(n)((l (1 |E) -0, 00| [ o T(0)

X

[ v o st ot lEN) + Zatimel ol
+ [ v o] [ an o, ottwlomiE)

) (5.189

Tl (Mol [E))|

(E-Mo—me)((MolCBIIE)) = [ dv g(r)((Molgm[EN) —1Zs) [ do f(w)
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X

[ avon st 1B+ \Za( (Mol o) )
+ [ avom| [ an o, o lomie)

, (5.189

+Zo((Mol o))

We first solve for the physicdlC#(w)p(v))) states. We start by inverting Eqé.16 and
putting in the requisite delta functions. Note that we may put the product of two delta functions
because this is an infinitely degeneraieuble continuum, which cannot be specified by jlst
rather, we have to label the state with the varialitesndn, with then variable representing the
division of energy between thé and ¢ particles. We then substitute these into the first term of
each of Egs(5.18), and solve for the unknown matrix elements. Having found them, we put them
into Egs.(5.16 to find our solutions. Defining

bC(E,n,\,0)={(\|8(w)|E,n)), (5.193
bE(E,n,Mg,0)=((Mg|6(w)[E,n)), (5.19h
d°(E.n, w,v)=((u|(v)|E.n)), (5.199
dE(E,nMp,»)=((Mp|¢(»)|E,n)), (5.199
we get
c f*(w) o) B*
bS(E,n,\,0)=8(E—\—N)py p(®)— Eov—otid aE-N) Kc(E,n), (5.203
f*(w) VZg
Cc — _
bE(E,n,Mg,w)= (E-Ma—wric) a(E—My) Kc(E,n), (5.20h
c _ g*(V) O ,,D*
d (E!n!/'l’!v)_6(M_n)pE—n,B(V)_ (E_/L_V+|€) ,B(E_,U/) Kc(E,n), (5200
c g VZp
dE(E,n,Mp,v)= ([E-Mo—viie) BE-My) Kc(E,n), (5.200
where

g(E-n)f(n) 1

KB B E—ma(n) 7(E)' (520
7 fl? 1

MO ety | O a0 (5228
_ B lgv)> 1
~aewg | N g e (5220

The last equality follows from Eq$A10).
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1682 S. Varma and E. C. G. Sudarshan: Scattering theory with rearrangement collisions

We now solve for the physicdD ¢(v))) sector. We must again start by inverting E¢%16),
but this time need to put just the one requisite delta function iE469d. We put these equations
in Egs.(5.18), and solve for the unknown matrix elements putting in another delta function in Eq.

(5.18a when inverting because now we must account for the zerdBf-\) at M . We then put
these results in Eq$5.16). Defining

bP(E,\,@)=((\6(w)|E)), (5.233
bR(E,Mg,0)=((Mg|8(w)|E)), (5.23h
d°(E, u,v)={(u|¢()|E)), (5.230
dF(E.Mp,»)=((Mp|4(»)[E)), (5.230
we get
b f*(w) o)\ B*
bP(E\w) = po(@) SE-N=Mo)~ 3= s w3 Ko(E), (5:243
f* Z
b2(E,Mg, @)= — (E_MB(_CULHG) a(EﬁAB) Ko(E), (5.24
_ g*(v) O u,D*
d°(E,u,v)=— E=p=riio) B(é‘_m Ko(E), (5.249
* z
dE(E’MD!V):pE—MD,B(V)_ (E_l\iD(_V:}“r‘lé) IB(E\/__:/ID) KD(E)v (524(,
where
 Zp g(E-Mp)
B=5E) BE-Mo) (529

and y(E) is the same as that defined in E¢5.22.
In exactly the same way, we can find the solutions for the phy##(lw))) sector. They are

*(w) O\ ,B*
bB(EN,w)=— Eh—wtid) aE-N) Kg(E), (5.263
f*(w) VZg

bE(E,Mg,@)=pg_m, p(@)— Ke(E),  (5.26b

(E-Mg—w+ie) a(E—Mgp)

_ g*(v) O, D*
B _ g*(v) VZp
dF(ElMDYV)_ (E_MD_V+|E) ﬁ(E_MD) KB(E), (526(,

where
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VZg f(E—Mp)
Kg(E)= AE) a(E—Mg) (5.27)

and y(E) is the same as that defined in E§.22.

Finally, we wish to solve for any dynamically generated discrete states. In this case, we put no
delta functions anywhere. When we follow the procedure of putting &q%6 in Egs.(5.18 and
solving for the unknown matrix elements, we find that the only way to satisfy all the equations is
if (E) has zeros. Denoting these zerosMy, we find the discrete state solutions:

- f*(w) O’)\,B*
bAMA N, 0)=— (Maoh—a) a(Mah) Ka(Mp), (5.283
A _ () VZg
bF(MA’MB’w)__(MA_MB_w+i6) a(MA_MB) KA(MA)! (528b
A — g*(V) O u,D*
d (MArﬂ“vv) (MA_M_V) B(MA_M) KA(MA)v (528()
g*(v) VZp

dA(Ma,Mp ,v)=—

(Ma—Mp—v+i€e) B(Ma—Mp) Ka(Ma). (5.28d

where K,(M,) is now an arbitrary normalization factor which is fixed, when demonstrating

completeness, to bg/dy(E)/d E|E:,\,IA (see the discussion after Ef.18). For our purposes,
without loss of generality, we assume that there is only one zerg Bf, denoted byM ,, and

thus only one dynamically generated discrete state. The extension to more than one discrete state
is trivial.

In each of Eqs(5.20, (5.24), (5.26), and(5.28 the superscript refers to the sector that the
solution is in, and the subscript refers to solutions expanded in the discrete state part of the Lee
Model sectors. Furthermore, we have anticipated future developments by fixing the arbitrary
constants accompanying the delta functions in E§20), (5.24), and (5.26. We do this by
demanding that Eq6.39 and Eq.(6.3b), or their equivalents for the other two sectors, give the
same result, and that the solutions be orthonormal.

VI. VERIFICATION OF THE SOLUTIONS

We now proceed to verify that Eq&.20), (5.24), (5.26), and(5.28 are each solutions to our
problem. To do this, we first transform our solutions into the bare state basis; i.e., in terms of the
noninteracting statefC 6(w)#(v)), |Bé(w)), and |D ¢(v)), using the completeness of the lower
sector solutions. With the expansion coefficients in the phy#®@lw)$(v))) sector defined in the
following manner(with the coefficients for the other sectors defined similarly

|E,n))=C(E,n,w,v)|CH(w)d(v))+B(E,n,0)|BO(w))+D(E,n,v)|De(v)), (6.1

where
CS(E,n,w,v)
VE(E,n,w,v)=| DS(E,n,v) (6.2
B¢(E,n,w)
and

CS(E,n,0,v)=(CH(w) p(v)|E,N)),
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1684 S. Varma and E. C. G. Sudarshan: Scattering theory with rearrangement collisions

BC(E,n,w)=(B6(w)|E,n)),

DE(E,n,»)=(D¢(v)|E,n)),

we have
CC(E,n,w,v)=f d\,y.8(»)bC(E,n,\,w)+ pg(v)bE(E,N,Mp, ), (6.33

:f dlu’ pM,D(w)dC(Ein!M!V)+pD(w)dg(Evn!MDly)r

(6.3b
DC(E,n,v)=f du o, pd°(E,n, i, v)+ZpdE(E,n,Mp ,v), (6.30
BC(E,n,w)zf d\ oy sb%(E,n,\, @)+ VZgbE(E,n,Mg,w), (6.30

with similar equations for the other three sect@sy., for the physicdD ¢(v))) sector, we would
replaceC®(E,n,w,v) by C°(E,®,v), b(E,n,\,») by bP(E,\,w), etc). A good check that we

have solved our equations correctly is to verify that H§s39 and (6.3b give the same result.
This is indeed completely trivial if we use EGAL14).

For the physicalC#(w)#(v))) sector in the bare basis, we get
CC(E!nvwvv):pn,D(w)pE—n,B(V)

f*(w)g*(v)
(E—w—vtie)

Kc(E,n)

f o\ gl
(E-N—w+ie)a(E—N)

|0-,uD| ZB
+J A =i BE—p) " a(E=Mg)(E-Mg—w+ie

+ ‘o

BE—Mo)(E-Mp—rrie) (6.43
= f(n) * |O-,u,,D|2
DC(E,n,V)_Wpn'D(w)_KC(E'n)g (V)|JdM(E—,U,—V+ie),8(E—,u,)
Zp
* BE—M)(E—Mp—rrie) (6.4b)
_g(E—n) * |(7>\,B|2
BHEN0)= grE ) Pe-ne(r) ~Ke(EN (‘”)Ud)‘ (E-N—wtiea(E-\)

+ Ze

(6.49

For the physicalD ¢(v))) sector in the bare basis, we get

) *(0)g* (1) N
CD(Erer)_PD(‘U)PEfMD,B(V)_KD(E) (E w— V+|6 |Jd)\ (E—)x—w-l—le)a(E—)\)

J. Math. Phys., Vol. 37, No. 4, April 1996

Downloaded-17-Apr-2003-t0-128.83.131.133.-Redistribution-subject-to-AlP-license-or-copyright,~see=http://ojps.aip.org/jmp/jmpcr.jsp



S. Varma and E. C. G. Sudarshan: Scattering theory with rearrangement collisions 1685

|(T;L,D|2 Zg
+f A B =t BE—p) " @(E=Ma)(E-Mg—wtie

N Zp _ (6.53
B(E—Mp)(E-Mp—v+ie)
2
DD(EIV):\/Z_DpEMD,B(V)_KD(E)g*(V)( f dlu’ (E_M_La-f;DELB(E_M)
+ Z0 : (6.5b
ﬁ(E_MD)(E_MD_V+|6)
D _ % |0->\,B|2
B (Elw)_pD(w)o-E—MD,B_KD(E)f ((1)) dx (E_)\_a)+|6)a(E_)\)
+ Zs . (6.50
a(E—MB)(E—MB—w-HE)

For the physicalB 6(w))) sector in the bare basis, we get

f*(w)g* (v)
(E—w—v+tie)

C®(E,,»)=pg(¥)pe-wg,0( @)~ K(E) f (E_X_Ljfe')a(E_M

fd |O-,LLD| + ZB
K E-—u—v+ie)B(E—p)  @(E—Mg)(E-—Mg—w-ie)

Zp
T B E—My)(E-Mp—vrie) (6.69
DB(E,v)= —Kg(E)g* fd 17,.01°
(E,v —PB(V)UEMB,D s(B)g* (v) M (E—pu—v+ie) BE—p)
Zp
T BE—Mg)(E-Mp—vtie) (6.6
. . |0A,B|2
B®(E,®) = VZgye-mg 0(®) ~Ke(E)f <w>“dx Eor—wtidaE=N)
Zg
+a(E—MB)(E—MB—w+ie) ' (6.60
Finally, for the discrete states, we get
*(w)g (v) oy 8l?
CA(MA,(,(),V)— KA(MA) — rfd)\ (MA_)\_w)a(MA_)\)
fd |UuD| + ZB
H(Ma= =) B(Ma—1)  a(Ma—Mg)(Ma—Mg—w+ie)
+ Zo (6.7
BMA—Mp)(Ma—Mp—v+i0) 73
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|O-,LL,D|2
—u=v)B(Ma—pu)

DA(MA-V):_KA(MA)Q*(V)[fd/““ (Mx

Zp
F BMA— M) (Ma—Mp—vie) | (6.7b
BAMA, @)= —Ka(Mp)f*(w) fdx |72l
r e (Ma—A—w)a(Ma—X)
ZB
+a(MA_MB)(MA_MB_w+iE) ' (6.79

We now verify that Eqs(6.4), (6.5, (6.6), and(6.7) are each solutions of our model. To do this,

we explicitly write down the analogs of Eq&.16) in the bare basis, plug in each set of solutions

in turn, and verify that the equations are satisfied. A straightforward analysis shows that the
following equations must be satisfied in the bare basis have written them for the physical
|Co(w)p(v))) sector, i.e., with the variable—for the other sectors the variabfeis, of course,

missing:
(E-w—v)C(E,n,w,v)=g*(v)B(E,n,w)+f*(w)D(E,n,v), (6.8a9
(E—mB—w)B(E,n,w)Zf dv g(v)C(E,n,w,v), (6.8b
(E—mD—v)D(E,n,v)Zf do f(0)C(E,n,w,v). (6.80

Putting each of Eqg6.4), (6.5), (6.6), and(6.7) in turn into Egs.(6.8), or their equivalents for the
other sectors, and using E¢A14), we find that each of these sets of solutions satisfies the
equations. Incidentally, a glance at E¢8.8) immediately shows why we could not have solved
the problem directly rather than the somewhat convoluted method we went through: the integral
equations are not separable, and are quite intractable.

VII. ORTHONORMALITY AND COMPLETENESS

We now proceed to verify orthonormality and completeness of the solutionq&4s.(6.5),
(6.6), and(6.7). We start by verifying orthonormality for the diagonal components beginning with

the scalar pI’OdUCt\I’Cf(E',n',w,v),‘IfC(E,n,w,V)), which is given by
J do dvWC'(E',n",0,v)¥C(E,Nn,0,v)
=f do dv CC*(E',n',w,u)cC(E,n,w,V)+f do B (E’,n’,w)BS(E,n,w)
+f dv DS (E',n’,»)DS(E,n,v). (7.0
We now use Eqgs(6.3) to write this as
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f do dv ‘I’CT(E’,n’,w,v)\I’C(E,n,w,V)

Ifdwdv

J d\ py g(»)bS(E,n,\, @)+ pg(¥)bE(E,n,Mg ,w)}

fdx' p:,B<v>bC*<E',n',w,w>+p§(v>bE*(E',n',MB,wﬂ

X

+f dwU d\’ a;‘,’BbC*(E’,n',)\’,w)wL\/Z_Bbg*(E’,n’,MB,w)}

X

fdx oy b (E,n\,w)+ JZ—BbE(E,n,MB,w)FJ dv DS (E’,n’,v)DS(E,n,v).
(7.2

We then do the integrals ovarand\’ to find
f do dv ‘I’CT(E’,n’,w,v)\I’C(E,n,w,v)=J d\ de b (E',n’,\,0)b (E,n,\,®)
+f dw bS (E’,n’",Mg,»)bS(E,n,Mg,w)
+f dv DS (E’,n’,»)DS(E,n,v). (7.3
Defining

f*(n")g* (E'—n’) _ f(mg(E—n)

L= g E . 2 EVE maEy

(7.4)

we find that the sum of the first two integrals is

f*(n")f(n)

a*(n")a(n)
1 1 L1(E’,n")Lo(E,n)

Y (ENa* (E —E+n) | yE)a(E-E+n) | y(E)y(E)

—Zg |0')\,B|2
X(a*(E’—MB)a(E—MB) fd" a*(E’—)\)a(E—)\)]

S(E—E")é(n—n")—8(E'—n'—E+n) +L4(E",n")Ly(E,n)

X

(7.9

while the third integral gives

S(E'—n"—E+n) f*(n,ﬂ—L (E",n")L,(E,n)
a*(n)a(n) B 2=
X‘ 1 . 1 Ly(E’,n")L,(E,n)
y*(E')a*(E'—E+n)  y(E)a(E-E'+n’) yY*(E")¥(E)

Zp Zp
1 BE-Mp)a*(E —E+Mpy) = B*(E —Mg)a(E—E +Mp)
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, |o-,u’,D|2 |o-,u,,D|2
+Jd,u B*(E,_M')Q(E_E’+,U«’)+jd'u BE—w)a*(E'—E—pu) |’
(7.6

Adding Egs.(7.5 and (7.6) together, and doing the integrals by combining them into a single
contour integral(which evaluates simply to its residyesve find that the only term left is
S(E'—E)S8(n'—n), which is just as required.

We can similarly show that

J dw dv «IrD*(E',w,y)qu(E,w,y):J d\ de bP*(E’,\,®)bP(E,\, )
+f dw b2"(E' Mg, w)bR(E,Mg,w)

+fdy DP*(E’,»)DP(E,»)=8(E'—E) (7.7

and
f do dv \I’BT(E',w,V)\PB(E,w,V)=f d\ dw bB*(E’,\,w)bB(E N, 0)
+f dw b (E',Mg,)bE(E, Mg, )
+f dv DB"(E’,v)DB(E,v)=8(E'—E). (7.9
Finally,

VA (M, 0, )TAM 5, 0,v) = 1. (7.9

Now we take up the off-diagonal elements. For
f do dv \IfCT(E’,n’,w,v)\IfD(E,w,v)zf d\ dw b (E',n’ N, )bP(E,\, )
+f de bE" (E',n",Mg,0)b2(E,Mg,0)

+f dv D (E’,n’,v)DP(E,v), (7.10

we find that the third integral exactly cancels the sum of the first two, giving us 0. We can
similarly show that

J dw dv \I’CT(E’,n',w,v)\IfB(E,w,v)ZO, (7.11
f do dv QC'(E',n",0,»)TAM A, w,v)=0, (7.12
f dw dv WP(E',w,»)WB(E,w,»)=0, (7.13
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T
f dw dv ¥P (E',0,v)¥AM,,0,v)=0, (7.14

f do dv WB'(E' 0, ») WAM 4,0, »)=0. (7.19

Therefore, the set of solutions we found, E@&4), (6.5), (6.6), and(6.7) are orthonormal.
We now consider completeness. We wish to show that

de dn«PC(E,n,w,v)wC*(E,n,w',v')+f dE WP(E,w,»)¥P (E,0',v')

+f dE WB(E,w, 1) VB (E, 0’ , v )+ WAM A, 0, 1) PA (M4, 0, ")

S(v—7v")0(w—w') 0 0
= 0 S(v—v'") 0 . (7.19
0 0 d(w—w')

Let us start with the diagonal elements. THiel) element of the matrix is
j dE dn CC(E,n,w,V)CC*(E,n,w’,v’)+J dE CP(E,w,»)C°"(E,0’,v")
+f dE C3(E,w,»)CB" (E,w’,v")+ CA(M,0,1)CA (Mp,0',v"). (7.17)

These integrals are most easily done in the following manner. The first term can be rewritten,
using Eqgs(6.3), as

f dE dn cC(E,n,w,v)cC*(E,n,w',y'){f d\' pf g(» IS (EnN @)
+p§(v'>bE*<E,n,MB,w'>]

:f dE dn[fd)\ py.s(¥)bE(E,n\,0)+ pg(v)bE(E,n,Mg,w) . (7.18

One then rewrites subsequent terms in &ql7) in a similar fashion as Eq7.18. Since the
integrals are exceedingly tedious, we describe how they are done, and leave it to the interested
reader to verify our results. The integrals oveare done with the help of E§A15). Then, the
integrals oveE are done by converting them into contour integrals. When all the contour integrals
are combined it is found that they add together into one large contour inigdualthe noncon-
tributing circle at infinity, which evaluates simply to its residues. These residues exactly cancel
the other pieces in the expression, leaving over one or more delta functions for the diagonal terms,
and nothing for the off-diagonal ones. For convenience, the branch cuts and poles of the function
1/¢(z), wherez is a complex integration variable in the contour integral, are shown in Figs. 1, 2,
and 3.

One finds that thg1,1) term is w—w')8(v—7'). In doing this, one has to fiXA(Mp)
= dy(E)/d ElE:MA’ which fixes the unknown normalization constant in E@s28. One can
similarly show that th€2,2) and the(3,3) terms aref(v—v') and w—w'), respectively.
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1690 S. Varma and E. C. G. Sudarshan: Scattering theory with rearrangement collisions

For the off-diagonal terms, one proceeds similarly and finds that they are all zero. Thus, our
set of solutions, namely, Eq$6.4), (6.5), (6.6), and (6.7) is a complete orthonormal set of
solutions of our model in this sector.

VIIl. THE MOLLER MATRIX AND THE COMPARISON HAMILTONIAN

The matrix(with continuous eigenvalugsf the eigenfunctions, including any discrete solu-
tions, gives us the generalized Mo matrix by virtue of the results already demonstrated on
orthonormality and completene$ét is given by

Q(E,n,0,»)=(VYE,n,0,v),Y°(E,0,v),Y*E 0,v), Y (Ms,0,v)) (8.1)
with the components

CC(E,n,w,v) CD(E,w,V) CB(E,w,v) CA(MA,w,V)
DP(E,n,v) DP(E,v) DB(E,v) DAMA,v) |. (8.2
BS(E,n,w) B°(E,w) BB(E,w) BAM 4, w)

It has the properties of being unitary:
Q=1 (8.3
Q'a=1, (8.30
and of diagonalizing the full HamiltoniaH,
HO=0QHc¢, (8.43
QTHO=Hc, (8.4b

whereH is called the comparison Hamiltonian. It can be calculated in the following manner.
First, we use the eigenvalue equations to write

HQ(E,n,w,v)=(EVYS(E,n,w,v),E¥YP(E,0,v),EVE(E,0,v),MAVAM,,0,7)),

(8.5
and then act on Ed8.5) with Q' from the left, and make use of the orthonormality relations to get
ES(E—-E’)S8(n—n") 0 0 0
QTHO - 0 ES(E—E') 0 0 . @6
0 0 ES(E-E') O ¢ '
0 0 0 Ma

To compareH - with the free HamiltoniarH,, we rewriteH, puttingE=n+ r for the (1,2)
elementE=Mp—+ 7 for the (2,2) element, andE =M g+ 7 for the (3,3) element, and similarly for
E'. Thus,H: becomes

(n+7)8(7—7")8(n—n") 0 0 0
0 (Mp+7)é(7—17") 0 0
0 0 (Mg+7)é(7—7') 0 @7
0 0 0 M4

The free HamiltoniarH, is
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(o+v)8(w—w")S(v—2") 0 0
0 (mp+v)s(v—2") 0 . (8.9
0 0 (mg+w)d(w—w')

ComparingH: andH,, we see that we can identifyf with H, if we includeboth mass and
wave function renormalization terms in the interaction, and ignore the disietgtstate inH..
The mass renormalization means that we must add a quantityH,, whereA is

0 0 0
A= 0 (MD_mD)g(V_V,) 0 . (89)
0 0 (MB_mB)(S((I)_(I)’)

The structure of our solutions, Eg$.4), (6.5), and(6.6), immediately tells us that we must have
a wave function(and consequent coupling constargnormalization.
Thus, the fields3, C, D, 6, and ¢ have the wave function renormalizations

B— \/FB:\/%B B, (8.103

D-»J?D:LD, (8.10b
VZp

C—C, (8.109

0— 0, (8.109

bp— . (8.108

Because there are no proper vertex corrections, the coupling constant renormalizations reflect
the wave function renormalizatiohs

f(w)—VZpf(w), (8.1
9(v)—VZsg(v). (8.12

Furthermore, as there are no divergences in this problem, the coupling constant and wave
function renormalizations are inessential, and the mass renormalization nibjdng identifiable
with H is essential only in this sector. These renormalizations are sufficient for higher sectors as
well. The only change in the higher sectors is due to the mass renormalizations which alter the
continuum thresholds frormp andmg to Mp and Mg, respectively, but leave everything else
unaffected.

Notice that whileH - andH, have the same structufas long asr and 8 both have zeros, and
v does no}, they have different spectra. Only the double continuwm€ E<w is coextensive;
the D¢ and B# continua are renormalized downwards fram, to My and frommg to Mg,
respectively. Notice also that, contrary to conventional wisddrtfthe Mdler matrix intertwines
the full HamiltonianH with H, not with H,. However,H. andH do have the same spectrum.

In addition, if we take the unitary transformation bf; in reverse, we can convert the
comparison Hamiltonian to the full Hamiltonian

QHOT=H, (8.13
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1692 S. Varma and E. C. G. Sudarshan: Scattering theory with rearrangement collisions

and just as in the cascade model of Ref. 7, we find thatnotion of an interaction is basis
dependent

IX. THE S-MATRIX

We have obtained one set of solutions to our problem, namely, (Egb—(6.7). We can, of
course, obtain another set in which the singular operators of the fErmu(— v+ie) " (which
give the in statesin Eqgs.(6.4)—(6.6) are changed tof — w — v—i€) ! (which give the out states
while Egs.(6.7) remain unchanged. Let us denote these solutions, and quantities associated with
them, with a prime. This new set also furnishes allkfomatrix,

Q'=(VS(E,n,w,v),Y° (E,0,v), V8 (E,w,v), YA M,,0,v)), (9.1

which satisfies the same properties as the originalévionatrix, that of unitarity:

Q'0'=1, (9.2a
a'a=1, (9.2b
and of diagonalizindH,
HQ' =Q'H¢, (9.39
Q'"HO =Hc. (9.3b

The set of states, Eq&.4—(6.7) are such that

S(n—w)d(E—w—v)

lim e*tct e HWC(E n w,v)= 0 , (9.43
t— —oo 0
0

lim eMct e MWD (E o v)=| VZy8(E—Mp—1) |, (9.4b
t——o0 0
0

lim e'Hct e HIYB(E o, v)= 0 , (9.40

to-e VZgS(E—Mg— )
lim e'fct e HMYAM, 0,1)=FAM,,0,v), (9.40

t— —oo

of which the first three are the plane wave ideal eigenstates of the comparison Hamiltonian.
However, notice that there is the need fowave function renormalizatiom VP (E,w,v) and
WB(E,w,v), and that thethreshold is renormalizedn these two case$i.e., mz—Mjy and
mp— Mp). Clearly, these states are the in states in our problem. This is again analogous to the
cascade model of Ref. 7.

Fort— +o for these in states we have

lim e'Hct e MY C(E n w,v)
t—+wx
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a*(n)ﬁ*(E—n)+ 27 f(nN)g(E—n) f*(w)g*(v)
a(n)B(E—n)  y(E) a(n)B(E—n) a(w)B(v)

S(E—w—v)| d(n—w)

~ 27 f(n)g(E—n) VI )
= HE) a(mBE—n) 20OE"Mo=v) S50y '
27 f(n)g(E—n) f*(w)
HE) a(mB(E—n) 28 E~Ms=w) 05
(9.539
. VZp g(E—Mp) f*(w)g* (E—w)
2m OB w=v) - E) BE—Mp) a(w)AE—w)
o ) LB 2mi g
lim et e MW OB, w,)= | VZpd(E-Mo—1)| o+ ey Zo BB |
2i [f(w)|
VZoS(E-Me~w) oy Zo prvory
(9.5b
. VZg f(E-Mpg) f*(w)g*(E- )
2moE=w=v) ~E) (E—Mg) a(w) B(E~w)
(Mt o= iHty B _ My 2 9|
Jm eTe & TR w.) VZoS(E-Mo—v) gy Zo 5 s o
o*(0) 27 _ |f(w)
VZaS(E-Me—w)| 25+ 55 Ze L0y a(e)
(9.50
lim e'fct e MYAM,, 0,1)=FAM,,0,v). (9.50

t—+x

[The limits in Egs.(9.4) and Eqgs.(9.5 are understood for multiplication by smooth functions of
w or v or both, as the case may be.

The out states behave in an analogous but opposite fashion to the in states. They behave
simply for t—+o, but have a complicated structure &s —«. Furthermore, the in states at
t——co and the out states &>+ are identical. Therefore, we can define &smatrix, and can
compute it in one of several ways. For example, we can compute it using

WV scattered liM (W (1) —W(—t)), (9.6

t—oo
or we can take the scalar product of the in and out states
(V' ¥)=S. 9.7

Both methods, of course, give the same answer.
The method of the inner products is cleaner and more aesthetically satisfying so we shall
follow it for the calculation. The results are easily checked by doing the calculation by the other

methods.
Schematically, thes-matrix looks like (the “+" subscript means an in state and the-"

subscript means an out state
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1694 S. Varma and E. C. G. Sudarshan: Scattering theory with rearrangement collisions

—((CO4[CO4)). —((COBIDP)), —((COHBO)). —((COHMA))

. —((D¢[CO4)). —((Dp|D)). —((D¢[BO). —((DpMa)) ©8
—((BOICOg)).  —((BOID)).  —((BOIBO),  —((BOMu)) |

((MaCOP)). ((Ma|D&)).. ((Ma[B)) ((Ma[M))

Let us start with th€1,1) component ofS. We wish to calculate
C<<E',n',ou11|5,n,in>>C=f dw dv CC(E’,n",0,»)CS(E,n,w,v)
+f dw B¢ (E',n’,w)B%(E,n,0)
+f dv DS (E’,n’,»)DS(E,n,v). (9.9
We rewrite Eq.(9.9) in terms of the lower sector physical states using EGS) to get

dedv

f dA p)\,B(V)bC(Evn!)\vw)+pB(V)b(F:(E!n1MBlw)}

fdx' p;f,meC’*(E',n',w,w)+pg*(v>b‘é'*(E',n’,MB,wﬁ

X

+f dwU d\’ 0;\,’Bbcl*(E’,n’,)\’,w)+\/Z_Bbg’*(E’,n’,MB,w)}

X

fdx o, sbS(E,n,\, @)+ \/Z_BbE(E,n,MB,w)}wa dv D"*(E’,n’,»)DE(E,n,v).
(9.10

Doing the integrals ovex in Eq. (9.10 we get

’ B*()\) N C'* =1 A1 N7 C Crx
J d\ di B0 S(A—N\ )f dw b~ (E',n",\,w)b (E,n,)\,w)-i-f dw bg

X(E’,n’,MB,w)bE(E,n,MB,w)+f dv DS (E’,n’,v)DS(E,n,v). (9.11)

The sum of the first and second integrals gives

5(E—E’)[5(n—n’) B*(E—n)a*(n) 2= g(E—n)f(n) g*(E—n")f*(n )]

BE-n)a(n) | yE) BE-Ma(n) BE-N)a(n)
B*(E-m)i*(n)f(n) g*(E'=n)f*(n)g(E-n)f(n)
B(E—n)a(n)a(n)  B(E'—n")a(n")B(E—n)a(n)

—8(E'—n'"—E+n)

1 1
X{'y(E)a(E—E’+n’)+'y(E’)a(E’—E+n)
N 1 g*(E'—n")f*(n")g(E—n)f(n)

Y(E")v(E) B(E'—n")a(n")B(E—n)a(n)
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x{—fdx

and the third integral gives

1 Zs

“Na(E-N) a(E'—Mg)a(E-Myg) |’ (9.12

2
O\.B

B*(E-mf*(n)f(n) g*(E'—n")f*(n")g(E-n)f(n)

B(E=n)a(n")a(n)  B(E'—n")a(n’)B(E—n)a(n)
1

T ENE)

S(E'—n'"—E+n)
1 1
WE)a(E—E +n")  YE)a(E —E+n)

><g*(E'_n/)f*(n/)g(E—n)f(n) {—fd |0_ |2 1
BE'—n")a(n)BE-n)a(n) |2 ) “HM7wPl BE=—pw)

1 1
x(a*(E'—E+,LL)+ «(E—E+p)

X

1 1
- ’ 2
"2 fd“ 7ol BE— (a*(E—E’+M')+ a(E-E'+p)
y 1 N 1
a*(E'—E+Mp)  a(E'—E+Mp)
Zo 1 1
+ +
2B(E'—Mp) \a*(E—E'+Mp) a(E—E'+Mp)

R
2B(E=Mp)

]. (9.13

Adding Egs.(9.12 and(9.13, and converting the sum of the integrals to contour integrals
(which evaluate to their residues and cancel the other terms with them inside the curly Brackets
we are left with

B*(E—n)a*(n)

c<<E',n',in|E,n,out>>c=5<E—E’>[5<“—“’> “BE-ma(n)

27 g(E—n)f(n) g*(E—n’)f*(n’)
¥(E) BE-ma(n) BE-)a(n) ] (.14

In a similar fashion, we can do all the oth&matrix elements. They are

, o _,[B*E-Mp) 2miZp  |g(E-Mp)|? ]

o{(E",0ulE.in))o=4(E E){ BE-Mp) ' 7(E) BE-MpAE-Mp) | @1

, a*(E—Mg) 2miZg |[f(E—Mp)|?
s((E',ou{E,in))g=8(E— E)| SE=Ma) T B a(E_MB)a(E_MB)], (9.16
AAMAIMA)A=1, (9.17

, _ N JZFf*EMg(EMD)
g((E’,oufE,in))p=2mi S(E’ — AE) a(E—Mg)BE—My) " (9.18
o((E’,0ulE,in))g=2i 8(E' —E) VZ0\Z5 f(E~Mg)g" (E~Mp) (9.19

Y(E)  a(E-Mg)B(E-Mp) "’
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1696 S. Varma and E. C. G. Sudarshan: Scattering theory with rearrangement collisions

VZp g(n)f(E—n) g*(E—Mp)

o({E’,ouf{E,n,in))c=2mi S(E' —E) AE) a(MB(E—n) BE-Myg) "’ (9.20
;- o \Zp g*(n)f*(E-n’) g(E-Mp)

({E’,n’,ou{E,in))p=2mi S(E' —E) AE) a(nBE=N) BE-My)’ (9.21)

, o _ \Zg g(mf(E=n) f*(E-Mp)

s((E’",0ul E,n,in))c=27i S(E' —E) B AMBE-T) S E=Mo) "’ (9.22
. oo, \Zg g*(n)*(E-n") f(E-Mp)

({(E’,n",oufE,in))g=27i S(E' —E) AE) a()BE-T) a(E-My)’ (9.23

A{{MaA|E,n,in))c=0, (9.29

c((E",n",0ufM))4=0, (9.25

A{{M|E,in))p=0, (9.26

o{(E’,oufMa))»=0, (9.27

A(M|E,in))g=0, (9.28

s((E’,0ufMA))»=0. (9.29

X. UNITARITY OF THE S-MATRIX

We can almost trivially show that tHe-matrix that we have obtained is unitary. In equations,
we wish to show that

sS=1. (10.2)
Let us calculate thél,1) term inSS. It is

B*(E—ma*(n) 2mi t*(n")f(n)g*(E-n")g(E—n)

o) T E ) atn) T Y(E) a(n)a(n)BE—n")B(E—n)

S§1’1)=5(E—E’)f dn”

| sn' —n” B(E—n")a(n") 2 f(n")f*(n")g(E—n")g*(E—n’)
(M=) B E=@ () ¥(E) @ (e (7)FF(E-)B (E-n)
_ (2mi)? sE—E") JWIE-D f*(n")g*(E-n")
HE «(MBE—1) o (W) B (E—1)
|g(E—Mp)|? [f(E—Mp)|?
° [BE-Mo)P "2 [a(E-Mg)P) (102

Doing the integral in Eq.(10.2 with the help of Eq.(Al5) we find that the result is
S(E—E')8(n—n"), exactly as desired. The rest of the terms are done in the same way. We find

SS,,=08(E-E'), (10.3

SS,5=0(E-E'), (10.4
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SS44=1, (10.5

with all other terms inSS being zero, as required. Th&S =1. In the same way, we can also
show thatS'S=1, and therefore, ous-matrix is unitary.

Xl. EIGENPHASES OF THE S-MATRIX

The interesting case for tf&matrix is whenE>0 so that all channels are open. Tenatrix
must satisfy

S{=1¢, (11.1

where|7-|2=1, for some{. This is equivalent to the following relationsvhere we ignore the
discreteA channel, as it is decoupled from everything else, and sup&ssE’))

B*(E—n)a(n)  2mi f(n)g(E—n) U ,f*(n")g*(E—n")

T BE—ma(n) " HE) a(nBE-N) a(n)BE—n)
g*(E—Mp) f*(E—Mp)
+\/Z_Dméo+\/z_sm§s}, (11.23
_ B*(E—Mp) _ 2mi g(E Mp) “'d *(n)g*(E-n") .
B(E—Mp) > y(E) B(E Mp) a(n")B(E—n") *"
g*(E—Mp) f*(E—Mg)
V2o ZE Moy §D+JZ—B—Q(E_MB) zB], (11.2
a*(E-Mg)  2mi f(E—Mp) , f*(n)g*(E—n")
(BN 87 3E) V2 aE—My) Hd” a(W)BE-1")
g*(E—Mp) f*(E—Mp)
= R = R

We now define the unimodular quantities

B*(E—n)a*(n)

= BE=nat) (1133
_B*(E-Mp)
TD=—B(E_MD) , (11.3b
. a*(E—Mpg)
TB:LK(?MB). (11.30

These are the basic equations. We can solve them for continuum values or for discrete values
of the eigenphase shifts. Let us start with the continuum values. We inveflEGg and put a
delta function on the right-hand side along with the appropriate normalization. We then multiply
both sides of the equation by

f*(n)g*(E—n)
a(n)B(E—n)
and integrate oven to get
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{l_zm If(DI2g(E-D|> (1) Jn/f*(”')g*(E‘””g
y(E) J Ja(DP|BE-N]? 7—7(I)+ie a(n)B(E-n") °"
_P*(ng*(7) | 2mi FHg(E-DIZ =(1)

a(r)B(r)  YE) ) [a(DPIBE-D> 7—1(I)+ie

g*(E—Mp) f*(E—Mp)
X \/Z_DméDJf\/Z—Bmés]- (11.4
Defining
Sq— 2mi _ |g(E-Mp)|? op 2w _ [f(E-Mp)|®? op (115

YE) 2P [BE-Mp)? o—05 HE) “Bla(E-Mp)[? 005’

we invert Eqs(11.2h and(11.29 to solve for the term in the curly braces on the right-hand side
of Eq. (11.4, namely,

g* (E-Mp) *(E-Mg)
VZo GiE ) L0 VZe g, fe
and find
g* (E-Mp) *(E-Mg f*(n)g* (E—n')
VZo =My ot VZe ey M) ( Hd a(n)BE—n) v

(11.9

We now define

B FOPGE-D (1)
X(N=1-2Es f A aDPBE-DP 7= +ie’ (1.9

and use this to combine Egd.1.4 and(11.6, and find

% (n")g* (E- n) g* (E-Mp) *(E-Mg)
Jd ) BE=m) ST VZo Ty V2 LETw,)

1 f*(T)g*(T)

“XS A(DBE-D (118
Therefore, our continuum solutions are
= 27 f(n)g(E—n) 1 f*(7)g*(E— 1)
=7 8= )+ iy S AE =) =T ORE (D AE=T)
(11.9a
g(E-Mp) 1 *(rg*(E—7)
FB(E Mp) (r—roHiOx(DS a(nB(E=7) " (1.9
C2m — f(E-My) 1 P (r)g* (E—7)
(5=",E) V28 Q(E=My) (r=raFi (IS a(nBE=7) (11.99

To investigate the spectrum af we use the method of Ref. 7. We define the following
quantities, taking advantage of their being unimodular:
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e2 (M= r(n), (11.10a
=1y, (11.101
%=1y (11.109
e2id= 1 (11.10d

We then put these definitions in Eq4.1.9, and see that(n)=e? %" ranges continuously
along a unit circle in the complex plane froés 6#(0) to 6=6(E).
In addition, these solutions are continuum normalized:

f dn (7' —ie)l(t+ie)+{p(7' —ie)lp(T+ie)+{g(7' —ie)lg(T+ie)=6(1"— 1),
(11.11

and will be complete if there are no discrete zerosy0f). If there are, they will have to be
included in the completeness identity. We now find the number of discrete zepgs)pf.e., the
number of discrete eigenphase shifts of Gumatrix.

We define
_1+ix _ 1+ix(n)
=itixe 0 1-ix(n)’
_1+ixp _ 1+ixg
DT 150, BT 1 ixg’

put these in Eq(11.7), and take real and imaginary parts to get

_1de [FOPIgE=DI® x(1+x(1) _ _1x(1+xp) _ |g(E=Mp)/?
2 ) CaPIBE-DE x—x(D+ie ™ 2 x—xp “PIBE-Mp)?

1 x(1+Xg) [f(E-Mp)|?

2 x—xg " ®la(E-Mg)[*’
1J HOIREDIE e(v(E)) 1_ J9(E-Mp)|> 1 _ [f(E-Mp)|?
-3 d||

aHPIBE-D? "\ 27 | 2P [BE-Mp)? 2 BJ«(E-Mg)*

Y(E)
2

(11.12a

(11.128

We observe that Eq11.12h is an identity, by means of EqA15). To find the number of
zeros ofy(7), we multiply both sides of Eq11.12a by (x—xp)(x—Xxg). We then find that the
highest power ok appearing in Eq(11.123 is x>, barring any higher powers contributed by the
integral. Therefore, there are at least three discrete zergérpfand thus, at least three discrete
solutions which will have to be included in the completeness identity(EqlD.

Xll. A GENERAL FORMALISM FOR SCATTERING THEORY

In this section, we describe an approach due to Sudarshan and collabbtatongich takes
a very different view of scattering problems, and is quite different in spirit. It is essentially
immune to many of the problems that occur in the conventional approaches in the literature. The
idea is that one always works with the complete set of eigenstates of the full Hamiltanian
properly labeled. This set, by definition, is both orthonormal and complete. The matrix made up of
these eigenstates is the M@ matrix. This Mdler matrix, again by definition, will diagonalize the
full Hamiltonian giving the comparison Hamiltonian.
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1700 S. Varma and E. C. G. Sudarshan: Scattering theory with rearrangement collisions

In other words, we have a Hamiltonian for the systdm\e wish a physical interpretation of
this object as a scattering system. One starts by considering the complete set of stateghich
we denote asy,(E), whereE is the energy of the eigenstate, aadcontains everything else
necessary to uniquely specify the state such as spin, channel, etc. Then,

Hio(E)=E i,(E). (12.1

Form the generalized Mier matrix W, by defining
We, o= o(E).
Therefore,
HW=WH, (12.2

where the implied integration is of the Stielje type—i.e., we sum over any discrete indices, and
integrate over any continuous ones. Because we have assumed that the set of eigensties of
complete, this Mteer matrix has the property that

Q0'=1, Q'Qo=1 (12.3

It is thus isometric and unitary, as long as we ensure that the spedttaaatiH are the same,

and the spectrum multiplicity is properly preserved. The only caveat here is that not all formally
Hermitian Hamiltonians have a complete set of eigenstates. However, all “reasonable” Hamilto-
nians will have a such complete set.

Now, one normally wants an interpretation of a scattering system in terms of asymptotic
states. The point here is that, to get such an interpretation, we shoutt-ysetH,. We must set
up a correspondence between the set of eigenstatek- ofith H, because unlikéd,, we are
guaranteed thal andH ¢ are isospectral. Any asymptotic conditiofssich as the strong conver-
gence properties of Eq§2.26)) should be expressed usiihty, notHg. Thus, it isHc, notHg,
which is the proper starting point for any perturbative scheme. Furthermore, as indicated by our
model, we should endeavor to construct a perturbative scheme to calculate the full states, not the
asymptotic ones, because we cannot say, with any confidence, what the appropriate conditions are
on the asymptotic statdsee Sec. Xlll for details In addition, note another advantage of this
formalism. Any, and all, shifts in the thresholds and spectruril ¢guch as a mass renormaliza-
tion) are automatically taken care of by this procedure.

Finally, it is worth remarking that, in generaly andH¢ are not going to be analytic in the
coupling constants. Therefore, the procedure that one occasionally sees in the literature of splitting
H into He+ V' is not very useful, and not very constructive. Béth andV’ will be complicated
functions of the coupling constants, and will have all sorts of renormalization factors appearing.

If we are interested in working perturbatively, then we must set up the system carefully. We
give here an analysis of SudarstarConsider a quantum system defined in a Hilbert space
with the Hamiltonian split in the usual way:

H=Hy+V, (12.9
in which we already know the ideal eigenstates for the continuum, and the proper eigenvectors for
the discrete states. The ideal states are, of course, not normalizable and we must take proper linear

combinations of them to get states that are square integrable, apd. ifihen, we set up a
correspondence between eigenstatesl @and eigenstates df,, in such a manner that

Hiyn=N¢, (12.5a
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Hotor =N tboy - (12.5h

Therefore,
(1=Go(MV) = or (12.63
Go(M)(A—=Hg)=1, (12.6b

whereGy is the free Green function. From this we can write
wx:(l_Go()\)V)ild’ox ) (12.7)
thus defining for us a possible Mer matrix )’ given by
Q'=(1-GoVv) L (12.8
Now this Q' is a possible Miber matrix in the sense that it intertwiné$ andH :
HQ' =w'H,. (12,9

Unfortunately, it is not very useful because it is not necessarily unitary, or even isometric. One
must renormalize it correctly so as to get a unitary operator. Furtherribrend H, are not
isospectral. Consider the full Green functiGi{\):

TN = =(1-Go(MV) 1Gy(N). (12.10

AN—H+ie

While, at first glance, it would seem th&, and & have the same singularities, this is not
necessarily true. Firsty’ can have additional singularities from the first factbr Go(A)V) in
Eqg.(12.10. These can come from bound states produced by the interaction, and more importantly,
from continuum states in which one or more of the particles is composite so that its mass gets
shifted. Second¢” can have some of its singularities cancelled when this factor vanishes. There-
fore, 2 and G, are not necessarily isospectral, in general. In other words, the statement that
“perturbations vanish at infinity” is not valid generally. Rather, thisveaasymptotic condition is

not generally fulfilled. This shows us wh' failed to be unitary: the new spectra produced by
(1—Go(N)V) 1 do not appear with a canonical weight. As advertised, we correct this problem by
defining a renormalizefl given by

Q=(1-Gy,V) D1, (12.11a

where

D?=(1-VGy) H1-Gyv) L (12.11h
However, since this ne¥2 is unitary, it connect$! with an isospectral and diagonal Hamiltonian.
We have already seen that this associated diagonal Hamiltonian canity. Rather, it is a
different object, which we call the comparison Hamiltontdg . For further details, and concrete
examples of this formalism applied to several models, such as the Lee model, the separable
potential model, and the Cascade model, see Ref. 26. In these models, one can explicitly see these

various effects such as shifts in the continuous spectra, the deletion of spectrd frionget the
spectra ofH, and the augmentation of spectraHig to get the spectra dfl.
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XlI. PUTTING THE “GENERIC” FORMALISMS TO THE TEST

There are many different approaches to quantum scattering in the literature. The most familiar
of these is potential scattering. Others include the LSZ formalism, the “almost local” formalism,
and the Lax—Phillips formalism. Lax—Phillifistheory is outside the scope of this work.

The well-known LSZ formalismi, extended by Mohaff postulates the convergence of the
matrix elements of interacting fields to the matrix elements of free fields. However, the formalism
does not apply in many cases. For example, as noted by LSZ themselves, it is inapplicable to
problems in which stable bound states exist. Trouble occurs when this point is forgotten, and the
formalism is extended into areas where it is inapplicable. The “almost local” formalism due to
Haag! Ruelle? Ekstein® Jaucht? Araki,?® and others tries to be general enough to consider
complicated problems.ts basic idea is that it is possible to construct asymptotic ingoing and
outgoing states as strong limits in Hilbert space, if a certain “spacelike asymptotic condition” is
verified by the vacuum expectation values of products of field operatibis:so called almost
local operators.

We shall restrict our attention to the conventional, and quite “generic” formalism, as reviewed
earlier in Secs. Il and 1lI; as mentioned before, the LSZ formalismoisapplicableto situations
where stable bound states are present, such as our model. We will compare these results to the
results obtained from the rearrangement model.

Conventional formalisms for quantum scattering theory have the following protocol for ge-
neric scattering systems:

(1) They do not use the comparison Hamiltonian.

(2) The asymptotic states are orthonorrhdt?

(3) The completeness of the asymptotic states is postutdfed.

(4) For thel fgase of potential scattering only, the IlMomatrix is isometric but not necessarily
unitary:”

(5) The eigenstates of the exact Hamiltonian are never considered.

We shall take up these points one by one, and put them to the test by comparing them to the results
explicitly obtained from our model.

(1) It is essential when taking the limits lim...e"t e Ho'W where W is either a wave
function or a field operator, that the continuous spectrd @indH coincide. If they did not there
would be wild oscillations while taking the limit, and the limit would not exist. It is for this
purpose thaH is mass-renormalized td;. However, in general, this is still not enough. It is
perfectly possible, if there are bound states or unstable particles in the spectidimtiwit no
amount of tinkering withH, will make its spectrum coincide witlid. This can be seen by
inspection of Eqs(8.7) and(8.8). No amount of renormalization dfi, can give us the discrete
M , state present ifl -, but this may be ignored becausk, is a discrete point eigenvalue. On the
other hand, we do have the possibility of a continuous spectruid icorresponding to the
scattering states involving physicBlor D particles.

However, unlikeH andH,, H andH are guaranteed to be isospectral becalisés obtained
by diagonalizingH. Therefore, it isH-, and notH, that is the proper starting point for any
scattering scheme, perturbative or otherwise. The method for obtaining the correct spedttum of
by perturbation theory is discussed in the work of Sudarshan, Chiu, and Bhafhthsimple
cases such as when stable bound states are not present, or field theory with no bound states or
unstable particles can be identified with the renormalizéty,, as noted in Sec. VIII.

In fact, even in cases wheformally) no splitting is made, i.e., no explicit mention or use is
made of arH,, there is still the implicit use oH, because, commonly, asymptotic particles are
defined as solutions of free particle equations like the Klein—Gordon equation.

(2) Both formalisms assert the orthonormality of the asymptotic states, and the result is
supposed to be generic. In E¢8.4), we have obtained the asymptotic states of the rearrangement
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model according to both formalisms. Yet, as we can see from a glance at the Haag—Ruelle
asymptotic wave functions, Eq.4), the asymptotic states computed according to their rules do
not form an orthonormal set. This point should not cause confusion. Our full states, namely, Egs.
(6.4), (6.5), (6.6), and(6.7) are, indeed, all orthonormal to each other, as was shown in Sec. VII.
As a result, we have orthonormal sets of in and out states. However, when we calculate the
Haag—Ruelle-type asymptotic states according to either of the formalisms, we find that they are
not orthonormal. This lack of orthonormality stems from a factor of the wave function renormal-
ization constant that appears in each of the asymptotic wave functions. This factor is essential: if
it were not present, the interacting states would not be orthonormal.

(3) As mentioned earlier, Ruelle extends Haag's work by postulating the completeness of the
in and out state$ This is also postulated in simple potential scattefifihis postulate is neces-
sary to prove that th&-matrix is unitary. Again, simply by inspection of Eq®.4), we can see
that the asymptotic states of the rearrangement model, according to these two formalisms, are not
complete. Again, this point should not cause confusion. Our full states(&¢k.(6.5), (6.6), and
(6.7) are complete, as was shown in Sec. VII. As a result, our in and out states form complete sets.
However, the set of Haag—Ruelle-type asymptotic states calculated according to either of the two
formalisms isnot complete.

(4) In potential scattering the Mier matrix Q can be defined using the full interacting wave
functions so that it is isometric even in the presence of bound stiifessee that the Haag—Ruelle
asymptotic solutions, Eq$9.4), obtained by the use &, are certainly not orthonormal, whereas
the original interacting wave functions were; therefore, thdldanatrix computed by their rules
is not isometric, i.e., it is not norm preserving. However, the generalizéiteMmatrix that we
defined in Eq(8.1) is not only isometric, but unitary.

(5) It is important to note that even though these asymptotic wave functions are neither
orthonormal nor complete, they still lead to the corr@enatrix, as can be verified by calculating
it using Eq.(9.6). If we had insisted upon the asymptotic wave functions being orthonormal and
complete, we would have gotten the wro8gnatrix.

(6) Notice that because of this lack of orthonormality and completeness in the exact asymp-
totic states, the strong limits of EqR.26) are satisfied. Namely,

lim [W(t) = ¢in(1) ]=0, (13.13
t——o
lim [W(t) = ¢ou(t) ]=0, (13.1b
t— 4o
lim  4in(0)=(0)=0")5(0) (13.19
t— —oo

are automatically satisfied. This can be seen easily in the following way. For the first two equa-
tions above, the expression on the left-hand side is just the requisite full wave function, but with
the delta function part removed. When we now take the norm and then take the limit, the remain-
der cancels giving zero. Similarly, the third equation above can be shown to be satisfied.

On the other hand, if we had insisted that the asymptotic sta#asrthonormal and complete,
the wave function renormalization constants would have been missing from the asymptotic states.
Thus, the delta function pieces would not have cancelled between the full and asymptotic states,
and therefore, these pieces would contribute, and we would get a nonzero result. Thus, in this case,
the strong limit would not hold.

(7) It is important to note that the reason that all these problems occur is that the full states are
never considered. Most formalisms in the literature try to set up the problem in terms of the
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asymptotic states, and are thus forced to make assumptions regarding their properties and behav-
ior. These assumptions are not necessarily correct in general, as is amply demonstrated by the
rearrangement model, and other models such as the cascade’model.

All this points out the importance of the correct normalization of the state vectors, a point
already considered by DeWitt.However, his work was restricted to the case of no bound states.
The question of the correct description of the asymptotic states was also considered by Van Hove
in his papers on the description of “persistent interactichsibwever, as noted in those papers,
the formalism developed there does not deal with cases involving bound states, and does not deal
with field theoretic scattering except for a few comments at the end.

In the multichannel caséuch as rearrangement collisipng the “channel Hamiltonian”
formalism, the statement is made that the basis states of one group of channels are not orthogonal
to the other¥13pecause they are eigenstates of different free Hamiltonians. As we can see, in
our model, the physical stat€x9¢, D ¢, andB# are strictly orthogonal to each other. Evidently,
this problem arises due to the use of “channel Hamiltonians” in the formalism. It is our belief that
the method of splitting up the interaction differently depending on which channel one is consid-
ering is fundamentally flawed because “every channel can be distinguished and is observable
independently in experiments. This means that these channels should be orthogonal to each
other.”®2 One method for ensuring orthonormality is given in Ref. 32; however, this method still
suffers from the flaws pointed out above.

It is straightforward to see the problems caused by this lack of orthogonality. We are in-
structed, in these formalisms, to begin with asymptotic states. Let us first consider the channel
Hamiltonian formalism. Then, the asymptotic states are the eigenstates of the channel Hamiltonian
in the sector we are considering. As an example, let us consider

IMg8(w)))—|Mp(v))), (13.2

whereMg is the physicaB particle andM is the physicaD particle. We immediately notice,
even before we consider any scattering, thajthgd(w))) state is not orthogonal to th®l p ¢(v)))
state, as can be seen by inspection of E54.0, (5.11), (5.12), (5.13, and(5.14). In other words,
two experimentally distinct channels are not orthogonal to each other. This will clearly lead to the
wrong S-matrix elements because it says that even if there is no scattering, there is a nonzero
probability that thgM g 6(w))) state will turn into theMp¢(v))) state. We cannot even argue that
the two states are “asymptotically orthonorm#’because they clearly are not. This can easily be
seen by observing that botMg6(w))) and|Mp¢(v))) have expansion coefficients in the “bare”
|C6(w)d(v)) sector. Therefore, as these states are neither orthonormal nor complete, we cannot
have an isometric or unitarg-matrix, since orthonormality is necessary for isometry, and com-
pleteness for unitarity. However, we have constructed a set of orthonéaméicompletg solu-
tions for our system, a feat that many autfidtacitly assume is not possible, and have a perfectly
isometric and unitans-matrix.

These problems with th&-matrix can be verified by explicit calculation. Since the calculation
is tedious, we describe the method, and leave it to the interested reader to verify the results. Our
interest is in the scattering of physical states, and so we must start by reexpressing the Hamil-
tonian, Eqs(4.3) and(4.4), in terms of the operators which create fteysical BandD patrticles.
We denote these operators liyand &, respectively. They are found by inspection of E@s10),
(5.11, (5.12, (5.13, and(5.14), which are the wave functions for the physical particles. To find
the expressions for these operators, we promote the §@tss)), |C6(w)), |B), and|D) to
operators, all acting on the vacuum, and read off the expansions for the operatord Z. In
other words,

A= [ av po(mC' 610+ V258" (1333
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:z‘f:f dw pp(w)CtoT(w)+ZpD". (13.3h

We reexpress the Hamiltonian in terms of these operators, which can be split into various channel
Hamiltonians, from which th&-matrix is calculated.

We can go even further than this. Consider the gMtgd(w))), which is a product state of the
physicalB particle and a free particle. If we wanted the asymptotic state corresponding to this
then, by the Haag—Ruelle protocol, we should find that the components of this state are only in the
|Cop) and|B6) sectors, with no admixture of th® ¢) state. However, we can use our exact
solutions to calculate this asymptotic state. We will find that this assertion will not hold true.

To calculate the asymptotic state, we take the limit

lim efct e M Mga(w))). (13.4

t——

Inserting a complete set of states, we have

f dE dn lim et e MY E n))((E,n|Mgb(w)))
t——o

+ | dE dnlim efct e MY E)) po((E|Mgh(w)))

t——

+ | dE dnlim e'fct e ™M E))gs((E|MgO(w))). (13.5

t——

Expanding each of the physical stat¢g,n)), |E))p, and|E))g in terms of the bare states
|CO(w)d(v)), IBO(w)), and|D ¢(v)), and taking the limit, it is immediately obvious that the ex-
pansion coefficients in thi ¢(v)) sector are not zero.

As a physical example, consider the case of a proton bound to a fixed nucleus by a potential
Vp, and bombarded by a neutron which interacts with the proton and the nucleus through the
potentialsVpy andVy, respectively’” The total Hamiltonian of the system is

H:KP+KN+VP+VN+VPN1 (136

whereKp andKy are the kinetic energy of the proton and the neutron, respectively. The initial
state, denoted bsp, ;, is given by

Hi®,;=Edy,, (13.7
where
H=H;+Vy, (13.83
Hy=Kp+Ky+Vp, (13.8b
V,=Vpy+Vy . (13.80

Therefore, the initial staté, ; is a product of a bound protoyS(EP), and of a free neutron
(represented by a plane waye(E;—EP), whereEP is the binding energy of the proton.

Several possible reactions can occur giving rise to different final products. Let us consider
four such reactions.

J. Math. Phys., Vol. 37, No. 4, April 1996

Downloaded-17-Apr-2003-t0-128.83.131.133.-Redistribution-subject-to-AlP-license-or-copyright,~see=http://ojps.aip.org/jmp/jmpcr.jsp



1706 S. Varma and E. C. G. Sudarshan: Scattering theory with rearrangement collisions

(1) Elastic or inelastic collisions. The proton remains bound to the nucleus, and the neutron is
free after the collision. Therefore, the Hamiltonian is divided in the same manner as above.

(2) Exchange scattering. The neutron knocks out the bound proton and becomes bound to the
nucleus. The Hamiltonian is then divided as

H=H,+V,, (13.93
Ho=Kp+Kn+Vy, (13.9h
Vo=Vpn+Vp. (13.99

Therefore, the final state is
Ho®, i =EiDyy, (13.10a
@ ¢=Up(Ef—EP) #R(ET). (13.10h

(3) lonization. The neutron knocks out the bound proton and both are free after the collision. The
Hamiltonian is then divided as

H=Hs+Vs, (13.113
Hz=Kp+Ky, (13.11b
V3=Vpn+ Vp+Vy. (13.119

Therefore, the final state is
Hy®3i=E;P3y, (13.12a
®3¢=Up(Ef)un(Es—EY). (13.12

(4) Pickup. The proton and the neutron become bound and form a deuteron. The Hamiltonian is
then divided as

H=H,4+V,, (13.13a
Hy=Kp+Kn+Vpn, (13.13h
V,=Vp+Vy. (13.139

Therefore, the final state is
Hy® g1 =EDyy, (13.14a
@4 5=Uc(X,Ef—EF) dpn(r . EP). (13.14b

Here, X is the center of mass coordinate of the deuteron,raisdhe internal coordinate of the
deuteron.

The final states given by Egé13.10, (13.12, and(13.19, are eigenstates of different free
Hamiltonians. Thus, in general, they are not orthogonal to each other, and the concomitant prob-
lems follow.

The reason that these methods do not work properly is that the basis used is one in which
bound-state eigenfunctions of the Hamiltonians that bind each fragment are multiplied by plane
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TABLE |. Comparison of the properties of the rearrangement model to
various scattering formalisms.

Conventional  Rearrangement

Property formalism model
Asymptotic states normalized? Yes No
Asymptotic states orthogonal? Yes Yes
Asymptotic states complete? Yes No
Q) isometric? Yes No
S-matrix unitary? Yes Yes
Strong limit satisfied? No Yes
Hc used? No Yes

Additional property for the
multiple channel case
Physical states orthogonal No No Yes

waves for the fragment motiofi.In our model, because we have made no breakup, we get the
physically reasonable result that the wave functions of the bound states are always orthogonal to
the scattering states, and that the basis states of different channels are explicitly orthogonal to each
other. We do not have to worry about making the explicit assumption that as the separation
between the fragments goes to infinity, the overlap becomes negligible. This assumption may or
may not be true, and leads to the problems with “persistent interactions” considered by Van
Hove?

We compare the results from the conventional formalism with those from the rearrangement
model in Table I.

In addition, even when it is not stated explicitly in the literature, it is often assumed that the
spectra of the bound states and the scattef@ogtinuum states do not overlap. However, it is
possible to construct models in which the spectra of one or more bound states overlap with the
continuum>*% Therefore, this assumption is not necessarily true, and will in general depend upon
the details of the model under consideration. It is also possible to construct two different potentials
which can lead to the san®&matrix with, in one case, redundant poles unnecessary for complete-
ness, and in the other case, with the same poles being absolutely necessary for compfeteness.
This points out the need for resisting the temptation to identify the poles oBtmatrix with
physical bound states of the system.

More importantly, no authors have as yet worried about the evident normalization problem
with the asymptotic states because they are always assumed to be normalized. These states are not
normalized in the rearrangement model, and consequently, assuming orthonormality of the asymp-
totic states, in general, is very dangerous. In addition, we notice that in this model even though the
asymptotic states are not normalized, the interacting states are.

One approach that tries to avoid all these problems, especially in the cases of unstable par-
ticles and bound states, is that of analytic continudttdr®248:3%f the state space” into a
generalized vector spacg. This has already been done for the case of the Lee model by
Sudarshan, Chiu, and Goriti,Parravicini, Gorini, and Sudarshdhand Bdim*® For instance,
with this method, one can identify resonances and redundant poles, and study the decay of a
metastable quantum system. It can also be used for many other things, such as studying the
Khalfin observation that the decay of a metastable system with an energy spectrum bounded from
below can never be strictly exponentfalSee the above references for details.

XIV. SUMMARY AND CONCLUSION

In this work, we constructed a model that allows rearrangement collisions. We explored the
spectra and the complete set of orthonorfidga) eigenfunctions of this rearrangement model in
the rearrangement sector. Because of the structure of the effective Hamiltonian in this sector, we
were able to solve the model exactly. In a similar fashion as for the cascade fveeldind that
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the spectra can be interpreted a8 garticle with energyM <0 coupled to af particle with
energy o, 0<w<o; a D particle with energyM <0 coupled to a# particle with energyw,
0<wv<o; and aC particle of energy 0 coupled té and ¢ particles with energies» and v,
0<w,v<w. We see that the interacting field theory has a particle interpretation.

Both theB and theD particles suffer mass renormalizations, and these mass renormalizations
alter the threshold of thB# andD ¢ continua, respectively. In Eq&.5b) and(6.69, we also see
the presence of both the mass and wave function renormalizations Bfahd D particles in the
plane wave parts of their respective wave functions.

We have throughout emphasized the importance of using the comparison Hamilfthr@an
diagonalized form of the effective Hamiltonigbecause it is isospectral with the full Hamiltonian.

Its spectrum differs from that of the free Hamiltonian by the alteration oBth@ndD ¢ continua,

and by the addition of a discrefe state. These effects are nonperturbative and, as emphasized in
Ref. 7, can only be handled by a renormalized perturbation scheme in WhichotH,, is taken

as the starting point.

Our results are surprising when compared to what we would expect from conventional scat-
tering theory. We find that while the interacting state vectors are normalized, the asymptotic states
are not. Moreover, the asymptotic states are neither orthonormal nor complete because of the
presence of the wave function renormalization factors in the phyBigadndB 6 sectors. We note
that this lack of orthonormality and completeness is absolutely necessary. If we construct the
S-matrix from these states, we get the correct re§iudt, it is the sameS-matrix as the one
constructed from the full stateOn the other hand, if we did not allow the wave function renor-
malization factors because of our demand that the asymptotic states be orthonormal and complete,
we would get the wron@-matrix. Furthermore, for the strong limitEqgs.(2.26)] to hold, we must
again make sure to have these nonorthonormal and noncomplete states. We also find that our
physicalCé¢, D ¢, andB 6 states, while being the basis states for different channels, are strictly
orthogonal to each other. Further, the IMo matrix, as defined in the literature is not isometric: it
does not preserve the norm of the states. However, we defined a generalittednividrix which
is not only isometric, but unitary. All these results are contrary to the usual formalisms of quantum
scattering theory.

More generally, we argued that the correct procedure, for any Hamiltdtjan to take its
complete set of eigenstates, and an associated isospectral comparison Hamiltnianhe
matrix of normalized eigenfunctions d¢f constitutes the generalized Mer matrix, which is
unitary and intertwine$! andHc.

This model is a very simple one. However, even this simple model is enough to show the
problems with conventional perturbation theory, and the conventional formulations of scattering
theory. It is clearly necessary in the light of this model, and previous work on the existence of
redundant poles in the scattering amplittff€ and the presence of discrete solutions degenerate
in energy with the scattering continuuth®®that a fundamental reexamination be made of some of
the postulates and assumptions of conventional quantum scattering theory.

ACKNOWLEDGMENTS

A portion of this work first appeared in the Ph.D. dissertation of one of the autBov§.*
This research was supported in part by DOE Grant No. DE-FG03-93ER40757.

APPENDIX: SOME USEFUL FORMULAS

The following formulas are very useful for the calculations in the main text. By our definitions
in Sec. VI we have the following ranges for our variables:

O<\<oo, (A1)

Ospu<o, (A2)
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osn=c, (A3)
with E being free to run over all values.
We then have the easily proved identities
1
lgM)P=5— [N = B*(V)], (A4)
1
[F(lP=5— [a(p) = a* ()], (A5)
g2 1 [ 1 1
[BOP 2t B BN (A9)
f(wl> 1] 1 1
(P~ 27 |an) M’ (A7)
lgE-M* 1 [ 1 1
BE-NP 2 [BE N BE N eXETATMe) (A8)
fE-wl_ 1] 1
laE= P~ Zm [a(E=p @ (E—p) oOE7#7Mol (A9

Equations(A8) and(A9) follow becauseE—\ andE—u can be less than zero, and thus pick up
singularities atM <0 andM <0, respectively. On the other hand,and u are always greater
than or equal to zero, and so cannot pick up any singularities.

Another useful identity is

lg(\) |2 1 Zs
y(E)=fd7\|B()\)|2 a(E—)\)+a(E_MB)' (A10a)

_ |f(,U~)|2 1 Zp
_fd” la(w) BEE—m)  BE-Mp) (A10b)

We can easily show this by means of the contours in Figs. 1 and 2. If we convert the integral in
Eqg. (A10a into a contour integral by using E¢A6), we get

fdz + %8
c, B(2)a(E-2z) a(E—Mp)’

(Al1)

1
27

with the contour shown in Fig. 1. Then, we make a change of variables ZrtmE —z to get

Zs
(_ 2_wi)(_1) A DBE=2) T aE-Mg)" (A12)

with the contour shown in Fig. 2. Now we deform the cont@yrand write it as the contout,
plus the circle at infinity, while picking up the contributions from the residues of the integrand.
Note that the circle at infinity gives no result, so we have
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\ W\ \
-

) |

Ci J

FIG. 1. Contour for Eq(A10a).

A

1 1 1 . D
( - ﬁ)“ 1)(_1)fc3dz «(DBE-2) +( - ﬁ)(_l)(z’”) «(E—Mp)
1
s
The \/Z_B terms cancel, and the first two terms are &jL0b), by definition. Therefore, EqA10a)

is equal to Eq(A10b), and the identity is established.
We can similarly show that

fdxlg(mlz 1 1 =Jd [fw? 1 1
B a(E-N) (\—wv+ie) #la(w)? BE—p) (E—p—v+ie)

Zg

. B
(=) (=1)(2mi) a(E—MB)+a(E—MB)' (A13)

Coo

(z
F L

L.
-

O =S
>
~

\“‘* a\v \

n

E-Mp

o

FIG. 2. Contour for Eq(A10b).
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Lz
Min(Mp,Mp,0)
- -
M, N
FIG. 3. Contour for the function 3{z).
1 .\ Zp
a(E=v)B(v) B(E—Mp)(E-—Mp—v+ie)
Zg
~ a(E-Mg)(E-Mg—iw+ie)’ (AL4)
Using Eqgs.(A7), (A8), and(A10) we can get another useful formula:
f CNTPIGE-nI® _ yE)~y*(E) _ [9gE-Mp)? _ [f(E-Mg)*
la(MPBE-N)*  (—2mi) ° [BEE-Mp)[? " a(E-Mpg)|*
(A15)

Finally, in Fig. 3, we display the branch cuts and poles a{ 2y which are used in showing
the completeness of our solution set.
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