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The transition from Taylor vortex flow to wavy vortex flow in the Couette-Taylor problem, 
for finite annulus lengths, is studied. Using an accurate, fully resolved numerical code, inflnite- 

i cylinder nonlinear axisymmetric Taylor vortices are computed and their stability with respect 
to nonaxisymmetric disturbances corresponding to wavy vortices is determined. The present 
method computes Ieading.eigenmodes and eigenvalues for arbitrary axiaI Floquet exponents k 
and arbitrary azimuthal wave numbers nz, so that the full complex dispersion relation 
w = w(k,m) is obtained. The linear coefficients appearing in the Ginzburg-Landau equation 
are calculated and compared to previous experimental: ‘results. It is found that for aspect ratios 
(length to gap width) lbss than 30, the Ginzburg-La&au predictions are not reliable; for these 
aspect ratios the transition is modeled as the superposition of two Floquet modes with 
k = -& rr/L, where L is the length of the annulus. This’ model is verifled via a detailed ._ 
numerical and experimental study at aspect ratios between 8 and 34, for radius ratio 0.87, 
obtaining good agreement for the critical Reynolds numbers? azimuthal wave numbers and- 
wave speeds over the entire: aspect-ratio range. 

I. INTRODlJCTlON 

The instabilities arising the Couette-Taylor problem 
have been well studied since the classic work of Taylor.’ 
With the outer cylinder fixed and inner cylinder rotating, the 
primary transition from circular Couette flow to Taylor vor- 
tices is predicted well by linear theory in the infinite-cyliiider 
approximation. The observed secondary transition to wavy 
vortices is aIso in rough agreement with linear calculations,‘- 
’ although it is well known that the finite length of the annu- 
lus strongly influences the observed critical Reynolds num- 
ber and azimuthal wave number.“,” The problem has been 
analyzed with the help of a Ginzburg-Landau equation6,7 
with coefficients obtained from experimental data, 

Jones3F4 has numericalIy computed critical linear modes 
for wavy vortices in the infinite-cylinder approximation. His 
calculations were limited to modes with the same wave- 
length as the underlying Taylor vortex flow. Our numerical 
study is in the same spirit; that is, we calculate fully nonlin- 
ear axisymmetric Taylor vortices at a given Reynolds num: 
ber R, and we linearize around this flow. However, we go 
beyond the assumption of axially periodic disturbances by 
considering modes with arbitrary Floquet exponent k iri the 
axial direction. While it is true that the critical wavy vortex 
disturbance in the infinite-cylinder approximation is always 
found to be periodic, that is, to have k = 0, the ability to vary 
k allows the computation of linear coefficients of the Ginz- 
burg-Landau equation. In addition, we have successfully 
modeled the transition in cyhnders of finite length L by as- 
suming that only two Floquet modes, with k = &r/L, are 
sufficient to account for it. Direct computation of these 

“Present address: Laboratoire de Physique, E&e Normale Sup&ieure de 
Lyon, 46 al& d’Italie, 69364 Lyon Cedex 07, France. 

b) Present address: Center for Particle Theory, CJniGksity of Texas, Austin, 
Texas 787 12. 

modes and their critical Reynolds numbers and wave speeds 
takes us beyond the Ginzburg-Landau approximation of a 
,quadratic dispersion relation. We obtain accurate predic- 
tions for annulus lengths as-short as L = &i, =: 8, where& is 
the wavelength of the critical Taylor vortex mode.- 

The following sections state the problem and set out our 
notation, describe our numerical methods, give numerical 
results for linear Ginzburg-Landau coefficients correspond- 
ing to previously published experimental work, describe our 
two-Floquet-mode model and our detailed numerical and 
experimental aspect-ratio study, and compare numerical 
and experimenta results. A brief concluding section sug: 
gests an extension of the model to the nonlinear case. 

Il. PROBLEM STATEMENT 
A. Geometry and dimensionless parameters 

Figure 1 shows the geometry and coordinate system. 
The flow of a Newtonian fluid of kinematic viscosity v takes 
pIace in the annular region betweencylinders oflengthL and 
of radii a and b with b > a. The outer cylinder is at rest and 
the inner cylinder rotates with angular speed il. We define 
three dimensionless parameters (v,r,R 1, which are the ra- 
dins ratio 9 = a/b, the aspect ratio l? 2:: L /(b - a), and the 
Reynolds number R = ,C&(b - al/v. Transition from 
Zouette flow to Taylor vortices is brought about by increas- 
ing R while keeping 77 and r fixed; the critical Reynolds 
number for~infinite-cylinder transition to Taylor vortices, 
denoted R, is a strong function of ?j: 

B. Navier-Stokes equations, Couette flow, and Taylor 
vortices 

The Navier-Stokes equations in coordinate-free nota- 
tion are 
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FIG. 1. Geometry and coordinate system. 

d,U = - (U*V)U + ImJ - VP, 
v-u = 0, 

(1) 
(2) 

where we have chosen units of mass such that the fluid den- 
sity is identically 1. We use cylindrical coordinates (r,B,z) 
with velocity components ( U,. , U, , U, ) . The no-slip condi- 
tions at the inner and outer cylinder walls are 

U = ihe,, at r = a, (3) 
U = 0, at P = b, (4) 

where e, is the azimuthal unit vector. The circular Couette 
flow solution to ( 1,2,3,4) for infinitely long cylinders is 

UC = (Ar + B/r)eg, (5) 

where the constants A and B are chosen to satisfy the no-slip 
conditions (3) and (4) and have the values 
A= -fka*/(b*-a*), B==fla’b2/(b2-a2). The asso- 
ciated pressure field is 

p,(r) =~&‘*E~+~B~~~ ;; I (6) 
Y 

The field U, has all the symmetries of the equations and 
boundary conditions. Explicitly, these are the three contin- 
uous symmetries: 

translational invariance: J,Uc = 0, (7) 
axisymmetry: J,Uc = 0, (8) 

steady state: J,U, = 0, (9) 
and the discrete reflection symmetry in z: 

&UC = UC, (10) 
where the reflection operation S, is detlned by 

SzU(rd%z,t> = [ U,(r,O, -z,t),U,(r,O, -G), 
- Uz(r,B, -z,t,]. (11) 

There exists a critical Reynolds number R, = R, (7) such 
that Couette flow is stable only for R CR,. At R = R, there 
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is a neutrally stable eigenmode associated with the transition 
to Taylor vortices. This mode is axisymmetric and has one 
Fourier component in the axial direction with wavele,ngth 
a,. All other Fourier modes and nonaxisymmetric modes 
are damped. The transition to Taylor vortices is a supercriti- 
cal bifurcation, and just beyond R, a pattern of toroidal vor- 
tices develops with approximately the wavelength il, . In ex- 
periments the actual wavelength observed for nonlinear 
Taylor vortices depends on the length L of the apparatus and 
also on the experimental protocol; we will return to this issue 
when wezdiscuss our experimental study. 

The Taylor vortex velocity field UT, with pressure P, , 
breaks the axial translational invariance ofcouette Bow. It is 
steady state and axisymmetric and reflection symmetric 
about vortex boundaries. There are two vortices per axial 
wavelength, and adjacent vortices are separated by inflow or 
outflow boundaries along which the tlow is radially inward 
or outward, respectively. Taylor vortices are periodic in thez 
direction, which we express by the notation 

exp(/l,d,)U, = U,, (12) 
where the operator exp(&d, ) is an axial translation by ;1,. 

C. Linearization 

The linear stability problem for the transition to wavy 
vortices is obtained by substituting U-+U, + u and 
P-+ P, + p into ( 1) and (2) and retaining only terms linear 
in the perturbation variables u and p. This yields 

d,u = - (U,.V)u - (u*V)U, + vv*u - vp, (13) 
VW = 0 (14) 

No-slip conditions (3) and (4) for the total field imply, for 
the perturbation, 

u = 0, at r = a,b. (15) 

The symmetries of the Taylor vortex flow allow us to 
seek eigenmodes of the form 

u(r$,z,t) =~(~,zmodil,)e’““+‘~‘-““‘+c.c., (16) 

where the azimuthal wave number m is restricted to be in- 
teger by the requirement that the flow be periodic in 0, and w 
is complex with Im(w) being the growth rate. The azi- 
muthal wave speed of the mode is given by Re(w)/m. The 
Floquet parameter k is taken to be real and without loss of 
generality we may consider only k ‘s within the first Brillouin 
zone defined by - ?r/il, <k< f r/A,. 

Numerical calculation of the nonlinear Taylor vortex 
flow and solution of the linear stability eigenproblem is per- 
formed by an accurate and efficient spectral method that will 
be described in a future publication.8 Here we note only that 
the computations are performed on a small two-dimensional 
(r,z) domain, periodic in z with period il,; and that this ‘is 
true of both the Taylor vortex nonlinear computations and 
the solution of the eigenproblem. These computations allow 
full investigation of the complex dispersion relation 
w = w(m,k;R,v,A, ). 
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111. FINITE ASPECT RATIO: GINZBURG-LANDAU 
EQUATIONS 
A. Linear coefficients and the dispersion relation 

Experimental evidence (Ref. 7 and references cited 
therein) suggests th-at the dynamics of wavy vortices near 
transition may be modeled by the one-dimensional complex 
Ginzburg-Landau equation 

r,d,A=E(l+ic,)ii~~~(l+ic,)dfd--gfAI?~~, 
(17) 

where E= (R - RIY)/RW, with R wm being the critical 
Reynolds number for onset of waves in the infinite-cylihder 
case. The complex amplitude A = 4 (z,t) is assumed to be 
slowly varying in both z and t, such that the disturbance 
velocity field is approximated by 

nd(z,t)B(r,z mod A,)exp(im,B - iw,t)-+ C.C. 
(1%) 

Here ii(l;zmodR, )exp(im,B - iwwt) is the critical infi- 
nite-cylinder wavy-vortex eigenmode with kw = 0. We as- 
sume that in ( 17) the nonlinear coefficient g has positive real 
part so that the bifurcation is supercritical. The linear coeffi- 
cients are obtained from the dispersion relation via the Tay- 
lor series approximation 

ul(m,k;t-) -aI wzddptw) +$W%&J. (19) 
SubsUtuting A = exp[ikz -- i(w - ow) t] into ( 171, ignor- 
ing the nonlinear term, evaluating’ d, and a z and equating 
coefficients of E and k ’ between the resulting equation and 
(: 19) leads to the following explicit expressions for comput- 
ing 7-*, c,, c(: and c1 from w(m,k;~): 

TV= [Im(a,wlw)] -I, (20) 
c,, = - To Re(c?,wlw), (21) 
5: = - i~r,iZ)Im(d~&~,), (22) 
c, = (7-,-#2{i>Re(dEwlw). (231 

We evaluate these derivatives at criticality (E = 0, k - Of by 
finite differencing in E (for ~~ and c(j) and k (for 5 i and c , ) . 

B. Threshold and frequency shifts 

A simple consequence of (17) is a shift in the critical 
,Reynolds number for onset of wavy vortices in a system of 
finite length L relative to that for infinitely long cylinders, 
Assuming boundary conditions A ( &~L /2,t) := 0, and sub- 
stituting (jlC -t - ioL with wL real, theJivst ei@fimode-of the 
linearization of ( 171, that is, the eigenmode with-smallest 
fz=!zj-,is .~~ 

A,(z,t) = cos(m/L)exp( - iw,t). (34) 
Substituting this in ( 17), evaluating the derivatives and di- 
viding through by A (z,tf produces the relation 

--h-&Q, =+(I +ic,) --&(l +ic,)(lr’/L”). (25) 
The real part of this equation yields the threshold shift 

EL-’ ?fr$i/L * (261 
and the imaginary part, with (26) gives the frequency shift 

WL = 7-f) -‘[n-yj(c, -c,)/L”]. (27) 

The 1LK’correction (241~t.o the critica Reynolds number is 
in good agreement with experiment? -in a long-aspect-ratio 
system (iT;;;JO? of radius ratio 9 = 0.89, when the values 
{;- 2.6 and Rw = 1.09OR, are used to fit the data. We 
note, however, that each azimuthal wave number m has its 
own infinite-cylinder critical-R Iy, its own values of the linear 
coefficients, and thus its own threshold and frequency shifts. 
The critical azimuthal wave number for annulus length L is 
the one whose shifted R w is least at that L. The experimental 
data cited included observations of m w - 2, 3, 4 and thus 
provide a go& test of these threshold-shift predictions. 
‘However, the analysis of Ahlers7 assumed that the various 
azimuthal wave numbers had similar infinite-cylinder R w’s 
and /&‘s, and thus only one value for K w and one value for &, 
were determined from the data. Our numerical calculations 
for this radius ratio are shown in Table-1 and Fig. 2. We do 
not iind that m,. = 4 is predicted by Ginzburg-Landau 
thresholdshifts in the range of aspect ratios reported, so its 
appearance in the experimental results is anomalous from 
this point of view. In Sec. 1V we will propose a model which 
appears to accurately predict R w, m w, and o w over a wide 
range of aspect ratios. 

The fact that azimuthal wave numbers other than 1 are 
observed at Dnset of wavy vortices is due to the finite length 
of the annulus. ?Ve note that the analysis of Walgraef et aL9 
predicts that higher azimuthal wave numbers will be ob- 
served a% lower aspect ratios. 

To our knowledge experimental results for the frequen- 
cy correction (27) have not been previously reported. 

C. Extrapolation to infinite aspect ratio 
Pfister and Rehbergq noted that the stationary nonlin- 

ear equation ( 17) with c, = C, I’ 0 may be integrated using 
Jacobi elliptic functions; this result was fitted to experimen- 
tal measurements of IA(z) 1 for various values of R above 
R w. The procedure allowed e to be determined from R, from 
which extrapolation to e == 0 yielded Rw for the infInite- 
cylinder problem. This provides us with a good experimental 
case against which to test our numerical code with k = 0. 
Their experimental radius ratio was T,? - 0.5066, for which 
they found R, -I 455 for m - 1. The annulus length was 

TABLE I. Ntimerical results for radius ratio q = OS9 corresponding toex- 
periments of Dominguez-Lerma et ai.’ Otiset of Taylor vortices occurs at 
RR; = 125.67-w&h 2, = 2.0080fb - a). Here I?, refers to the critical 
Reynolds number for the onset of waves for infinite cylinders, r,, and &, are 
as in (20) and (22 ) ~ The column &,/FWx is shown for comparison with 
Fig. 22 of Ahlers,’ which defines $ differtintly from our convention. The 
values reported in that paper were R&I?, --- 1.09 and &,$~W/tr, = 2.7, 
which wereassumed tobeapproximatelyindependent ofm. ‘I‘hevalue 26: 
is the coefficient of the f/L ’ threshold shift (26). See also Fig. 2. 

m R&i, TIJ 6, &pGz 4s 

1 1.080 0.553 4.9 4.7 237 
2~ I.089 0.159 2.60 2.72 66.7 
3 1.104 0.085 1.88 1.98 34.9 
4 1.127 0.058 1.55 1.64 23.7 
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FIG. 2. Comparison of calculated Ginzburg-Landau threshold shifts with 
previous experimental results. Solid curves represent thresholds predicted 
from the first eigenmode of the G-L equation using the coefficients shown 
in Table I. The dotted line is the fit to the experimental data of Dominguez- 
Lerma et al.,5*7 which included m  = 2,3,4. It agrees well with our m  = 2 
neutral curve, but there is no obvious reason for the agreement. However, 
the experimentally observed m = 4 results do not agree with the G-L 
threshold shifts in this range of aspect ratios. 

18.5 (b - rt) and their base Taylor vortex flow had nine pairs 
of vortices, for an average wavelength of 2.056 (b - a). Us- 
ing this wavelength and radius ratio we find R w = 445. The 
2.2% discrepancy between the critical Reynolds numbers 
may be due to end effects in the experiments, the approxima- 
tions inherent in the G inzburg-Landau analysis including 
the assumption c0 = c, = 0, or errors introduced in fitting 
the data to the Jacobi elliptic functions and extrapolating; no 
error analysis was presented in their paper. Another possible 
explanation is that at these aspect ratios there exist distinct 
modes with similar critical Reynolds numbers; our comput- 
ed critical eigenmode’s largest amplitude was on the outflow 
boundary, which agrees with descriptions of the so-called 
‘rjet-flow” mode. 

IV. FLOQUET THEORY FOR THE ASPECT-RATIO 
DEPENDENCE OF THE ONSET OF WAVY VORTICES 
A. Floquet modes and the axisymmetric end 
boundaries 

The simple cosine eigenmode (24) of the linear G inz- 
burg-Landau equation may be rewritten trivially as 

cos(m/L) = i(eikz + e - “‘), (28) 
where k = IT/L. This suggests that the linear eigenmode of 
the finite-length problem may be viewed as the superposition 
of two eigenmodes of the form (16) with k = f n-/L. The 
advantage of this viewpoint is that it avoids the approxima- 
tion to the dispersion relation that the G inzburg-Landau 
model makes [ Eq. ( 19 ) 1. The linear coefficients r0 and 5 g 
occurring in ( 17) and used to predict threshold shifts in 
(26) are calculated on the basis of the Taylor expansion 

( 19) to first order in c and second order in k, valid only in the 
neighborhood of criticality, that is, near E = 0, k.- 0. Nu- 
merically, we find that the quadratic approximation in k is 
valid only for very small k. Figure 3 shows for 7 = 0.8703 
and m = 3 the numerically determined growth rate as a 
function of k within the first Brillouin zone 
- T/I, < k < + n-/,X,. The axial periodicity and reflection 

symmetry of the Taylor vortex base flow.imply that CL) is a 
periodic function of k with period 21r/il,) and that d, w must 
be zero at the origin and at the zone boundaries. Thus the 
quadratic approximation must fail well before the zone 
boundary is reached. Also shown in the figure is a parabola 
fit to the numerical data at k = 0, which corresponds to the 
quadratic G inzburg-Landau approximation. 

To investigate the relevance of the two Floquet modes 
with k = + n-/L, we conducted a numerical and experimen- 
tal study of the onset of wavy vortices as a function of aspect 
ratio. The radius ratio 0.8703 was available in an existing 
experimental apparatus designed for another purpose,” and 
thus we chose to examine this case. We determined from 
linear calculations for the stability of Couette flow that the 
infinite-cylinder Taylor transition occurred at R, = 116.096 
with a critical wavelength R, = 2.0076( b - a). Since it is 
well known that stable nonlinear Taylor vortices exist over a 
finite range of wavelengths, and since we did not wish to 
study the effect of Taylor vortex wavelength on the wavy 
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FIG. 3. Dispersion relation within the first Brillouin zone for parameters 
7 = 0.8703, /1, = 2.0076, m  = 3, R = 13 1.025. Thisolid curves are growth 
rates of the four least stable modes. There is a countable infinity of more 
stable modes which are not shown. Only the leading mode, the one with 
maximum growth rate, is important for determining stability. The Reyn- 
olds number for this figure is critical for the onset of m = 3 waves, so that 
the leading eigenmode has Im(w) = 0 for kw = 0; this mode is associated 
with the uppermost solid curve. The dotted curve is a parabola fitted to the 
top curve at k  = 0. The horizontal bar indicates the range of Floquet expo- 
nents k  = r/L expIored in our numerical and experimenta study for 
L = 41, to 17/1,. For this restricted range of Floquet exponents, the top 
curve does not intersect any other curve, so we may assume that only this 
mode is important. 
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transition, we chose to consider in both the numerics and 
experiment only those annulus Iengths that are integer mul- 
tiples of A,, that is, L = L, --7 n/2,, and we further insisted 
that in the experimental Taylor vortex flow for length L, 
there were exactly n pairs of Taylor cells between the end 
rings. The end rings in the experiment were fixed, giving rise 
to Ekman pumping that results in end cells of slightly longer 
axial extent that those in the bulk of the commn, which were 
then, of course, slight1y shorter than A,; we will discuss this 
effect in a subsequent section when we analyze our experi- 
mental results. 

The experimental apparatus had a maximum aspect ra- 
tio sufficient to accommodate 17 pairs of Taylor vortices. 
We studied the set of aspect ratios L,, n = 4,.,.,17. The hori- 
zontal bar in Fig. 3 covers the corresponding range of Flo- 
quet exponents ff/( DA, ) <kc;?r/(4& ). 

I3. Computational protocol and results 
Calculations of the critical Reynolds number Ii w and 

azimuthal wave-number llz for the onset of waves in the infl- 
uite-cylinder case showed that the critical disturbance was 
an rrz = 1 wavy mode with R w. = 126.68. Calculations of 
threshold shifts, however, indicated that at the maximum 
achievable annulus length, L = 17& = 34.129 (b - a), the 
IYL = 1 mode would be damped relative to m = 3, which 
would be the critical mode at that aspect ratio; that is, finite 
size suppresses m = 1. We began our computational proce- 
dure by finding the onset of the critical M = 3’mode for fixed 
FIoquet exponent k=G-/(17&). This yielded 
Rw = 135.48 with a frequency at onset of 
Re(w)/n = 1.3754. Wechecked that forthesame Reynolds 
number and the same Floquet exponent, the modes 17~ = 2 
and m = 4 were damped relative to the neutral mode ?n = 3. 

We then stepped down in aspect ratio, finding for each 
k = rr/(n;l, ), n = 16,15,...,4 the critical Reynolds number 
and azimuthal wave number and then checking that thetwo 
adjacent azimutha modes were damped. When we found 
that an adjacent azimuthal mode was not damped, we 
switched our attention to it, determined its critical Reynolds 
number, and then checked its neighboring azimuthal modes 
again. In this way the information in the numerical part of 
Table II was obtained. 

In all cases we computed only the Floquet mode with 
k = + r/(&l, ) as the other, for k = - rr/(nA, ),-can be 
obtained trivially by reflection in z and the two are exactly 
degenerate. 

Figure 4 shows the critical linear modes and Taylor vor- 
tex flow for the case n =~lO. For clarity, Couette flow is 
omitted since otherwise it would completely-dominate the 
velocity field. The overall helical form of the Floquet modes 
is apparent, as is the suppression of the wavy disturbances 
near the axisymmetrid end boundarieswhen the two modes 
are superposed. 

Our numerical method was not able to resolve the axi- 
symmetric Taylor vortex flows for this radius ratio at Reyn- 
olds-numbers in excess of approximately 1OOOT We found for 
L = 3A, that azimuthal wave numbers m = 7,8,9 were 
damped up to this Reynolds number. 

V. ~X~E~l~~~TAL VERIFICATION 
A. Description of the apparatus 

We had available in our laboratory an apparatus de- 
signed and built by flirst to study the aspect-ratio depen- 
dence of the attractor ~dimension in weak Couette-Taylor 
turbulence.” The system consisted of two independently ro- 
tating&inders. The inner cylinder ofbrass was machined to 
a radius of a = 6.635 -& 0.005 cm and the outer cylinder of 
precision bore glass tubing had an inner radius of 
b = 7.620 f 0.005 cm. For our study the outer cylinder was 
kept fixed. The cylinders were housed in a water bath which 
maintained the temperature at 24.5 “C to within 0.1 “C. The 
inner cylinder was driven by a computer-controlled micro- 
stepper motor through a system of timing be&s and pulleys. 

End boundary conditions were established by two nan- 
rotating Teflon rings. The annulus length I, was varied man- 
ually by moving one of these rings: L was measured to within 
0.5 mm via a millimeter scale. The working fluid was a mix- 
ture of65% glycerol, 34% water, and 1% Kalliroscope AQ- 
1000 flow visualization material. The kinematic viscosity of 
this mixture was approximately 0.1 cm” /sec. 

Frequency measurements were made by analyzing the 
light from a 10 mW helium-neon laser that was transmitted 
through the fluid along one ofthe Taylor vortex boundaries. 
The light entered through the outer cylinder at a small anile, 
passed along the outflow boundary-and exited through the 
outer cylinder. The transmitted light fell on a photodetector 
and the resulting intensity signal was digitized and then 
Fourier analyzed. The appearance of a time-periodic wavy 
ffow resulted in sharp peaks in the power spectrum of this 
signal. Time-dependent waves of very small amplitude were 
detectable by this transmitted-light method. 

‘B. ExperImenta protocol 

For each ofthe lengths L = L, = n/z,, n = 4,...,17, we 
set the movable end ring to the required position-We pre- 
pared a flow with n pairs of Taylor vortices by slowly in- 
creasing fl (and thus R) through theTaylor transition; visu- 
al inspection confirmed the number of pairs. In a few cases itt 
was necessary to shorten the annulus temporarily in order to 
obtain exactly n pairs: after the Taylor vortex pattern was 
established we then slowly increased L to the appropriate 
length; this procedure stretches the vortices due to a well 
known pinning of the phase of the pattern by the end rings. 
The value of Rw for transition to wavy vortices.was then 
determined to within approximately-one Reynolds number 
by manuai motor speed adjustments-and visual observations; 
FinaIly, a set of ten computer-controlled measurements were 
made at Reynolds number increments of 0.1; each measure- 
ment consisted ofan adjustment to the motor speed, a 25 min 
settling time, and the recording of a digital time series from 
the photodetector. The transition Reynolds number R w and 
wave frequency w were determined from the appearance and 
Bocation of peaks in the Fourier spectra of these time series. 

The wavy transition occurred at much higher Reynolds 
numbers for the cases n = 4 and pf = 5; here we used corre- 
spondingly 1arger Reynolds number increments of 0.5 and 
0.2, respectively. 
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TABLE II. Numerical and experimental results for 77 = 0.8702 Experimental results are averages of the two sets of data; UUCertaiUtieS in the kit One Of tW0 
digits are indicated by values in parentheses. See also Fig. 6. 

2.555(13) 

3 1.3578 - 0.0533 
141.98 4- 1.7962 0.0000 

5 2.2276 - 0.4614 

0.0000 
- 0.0293 

1.3667 o.ocmo 

2 0.9191 -0.1795 
0.0000 

4 1.8152 -0.1886 

2 0.9209 - 0.1356 
O.OOOQ 

-0.2396 

- 0.1008 
0.0000 

I.8227 - 0.2796 

We obtained two complete sets n = 4,...,17 of measure- 
ments; after the first set the inner cylinder was painted black 
and a new batch of working fluid was introduced. The black 
paint increased the radius ratio from 7 = 0.8703 to 
7 = 0.8708. For the second set of measurements the Reyn- 
olds number increments were 0.12, except as noted for 
n = 4,5. Figure 5 is a photograph of the observed wavy vor- 
tex flow for n = 9. 

4 144.2(8) 1.792(5) 

4 141.8(6) 1.798(8) 

3 138.6(10) 1.365(6) 

3 137.1(5) 1.372(5) 

3 135.6(5) 1.372(6) 

3 134.7(5) 1.374(5) 

C: Experimental errors 

Experimental uncertainty in viscosity, typically 2% or 
greater, exceeds other purely mechanical uncertainties such 
as the tolerances associated with fabrication of the cylinders, 
the error in the motor speed, and the error in placement of 
the movable end ring. For this reason we scaled the wave 
frequency by the inner cylinder speed at onset of the wave, 
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since the ratio wrV/Clw is viscosity independent. We ob- 
tained the viscosities by assuming that the Taylor transition 
took place at R, = 116.096, as predicted by it&&e-cylinder 
lineax stability calculatiotis. However, experimental deter- 
mination of the Taylor transition is highly subjective due to 
Ekman pumping at the ends. Therefore, for each of the two 
sets n = 4 ?..., 17 of measured onset Reynolds numbers li: ,++ 
we assumed that a single value of the viscosity applied to the 
entire set, and thfs ualue~wus chosen to fit the theoretical re- 

.sultsfvom Table II. The measured viscosities based on the 
Taylor transitions were 0.099 and 0.094 cm2 /set for the two 

FIG. 4. Illustration of the critical kgenmodes for the case n = 10 of Table 
II. Rach perspective plot shows the velocity field LJ, + u. not including 
Couette flaw, projected onto-a (B,aj surface near the outer cylinder at 
P = 6 - 0.07( b - a). The amplitude of the linear eigenmode n was chosen 
arbitrarily. Outflow- boundaries of~the Taylor vortex flow are correlated 
with positiveazimuthal velocity fright-going) and are thereforeeasily iden- 
tifiable. In (a) the eigenmode u has na=4 and Floquet exponent 
k = $ n/L, which results in a left-handed helical wavy pattern. Part (bj is 
the-same except that k = - niL and thus the helix is right-handed. The 
relative phases of (a) and (bj are such that cancellation of the wave by 
destructive interffrence occurs at the axisymmetric end boundaries when 
the two eigenmodes are superposed. as shown in f c j. 

batches-of fluid, while the fitted viscosities were 0.100 and 
0.096 cm’ fsec, respectively. 

D. Flaw features at low aspect ratios 

We aiso experimentally investigated the flow at L E SC 
and L = 2,. In both cases transition occurred at Reynolds 
numbers in excess of 1500. The first nonaxisymmetric flow 
pattern had a high azimuthal wave number and an appear- 
ance similar to the twist vortices reported, for example, by 
Andereck~ ec al. ** At higher Reynolds numbers the twists 
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FIG. 5. Photograph of the experimental m = 5 wavy flow near onset for the 
case N = 9 of Table II. The suppression of the wavy disturbance near the 
axisymmetric end rings is evident. Compare Pig. 4(c). 

. 

started pulsing, that is, appearing and disappearing very 
quickly at a frequency of about once every two inner cylinder 
periods. At still higher Reynolds numbers the boundaries of 
these vortices developed waves. 

VI. COMPARISON OF THEORETICAL AND 
EXPERIMENTAL RESULTS 
A. Quantitative comparison 

Table II and Fig. 6 compare the results of the linear 
stability calculations and experiment for annulus lengths 
L = 4,,..., 17;1,. The critical azimuthal wave number is cor- 
rectly predicted in all cases except n = 13, where m = 3 is 
predicted and m = 4 is observed. This anomaly is as yet un- 
explained; we note, however, that for this case the m = 4 
mode was found numerically to be only slightly damped 
(growth rate Im(w)/[v/(b - a)‘] = - 0.0293); a similar 
situation occurs for m = 4 at n = 9 (growth rate - 0.0225) 
but does not result in an incorrect prediction. The experi- 
mental wave frequencies agree in all cases to within experi- 
mental error, with the exception of n = 13 where the fre- 
quency agrees with the computed m = 4 frequency, and the 
case n = 4 where the experimental wave frequency is 2% 
lower than the predicted value. Reynolds numbers at onset, 
after adjustment of the viscosity of each batch of working 
fluid as previously discussed, agree well with computed criti- 
cal Reynolds numbers except at very low aspect ratios where 
the experimental numbers are several percent higher. 

180 
RW 
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160 

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 
‘7~ 

w3.25 
3 

2.5 
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2.25 

nzz=BX x x x x 
1 1 1 1 1 1 ’ ’ 1 .- 

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 
n 

FIG. 6. Comparison of theoretical and experimental Reynolds numbers (a) 
and wave frequencies (b) at onset, from Table II, for annulus lengths 
L, = nR, . Theoretical values are indicated by crosses. Par each value of n 
there are two experimental points shown as solid dots; the two dots are in 
most cases indistinguishable on these scales. In (a) the case n = 4 is omit- 
ted; see Table II for these values of Rw. In (b) the results are clearly 
grouped by the azimuthal wave numbers shown; for example, the five points 
at lower right are form = 3. Note the disagreement in azimuthal wave num- 
ber for n = 13; in all other cases the predicted and observed azimuthal wave 
numbers agree. 

B. Ekman-pumped end vortices 

It is well known that fixed end rings in experiments af- 
fect the adjacent Taylor vortices as a result of Ekman pump- 
ing. The phase of the pattern is pinned such that the flow in 
the boundary layer adjacent to each end ring has an inward 
radial component; the first genuine vortex boundary away 
from the ends is thus an outflow boundary. As previously 
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noted, we sometimes used this pinning effect to prepare Tay- 
lor vortex flows with a desired number n of vortex pairs in an 
ammlus of length L = n/l,. Ekman pumping also results in 
end vortices of slightly larger axial extent than those in the 
bulk of the coIumn. We attempted in a few cases to correct 
for this latter effect by adjusting the length of the annulus 
until the vortices in the bulk were of axial length ;1, as mea- 
sured by a travering telescope. At long aspect ratios the elfect 
of this adjustment was less than 0.5% in the scaled onset 
frequencies. At shorter aspect ratios the onset Reynolds 
number became very sensitive to small adjustments, for ex- 
ample, changing by 15% for a-3% length adjustment. The 
values in Table II and Fig. 6 are for L := L, = n& without 
compensation for the Ekman-pumped end cells. 

VII. CONCLUSIONS ~ 
We have studied the-general linear problem for the sta- 

bility of Taylor vortices with respect to arbitrary distur- 
bances, with special emphasis on the Floquet exponent k and 
the relevance of certain Floquet modes to the problem of the 
onset of wavy vortices in finite-length systems. Our numeri- 
cal calculations have provided independent values for the 
linear coefficients of Ginzburg-Landau equations which 
have been compared with previous experimental results. We r 
have examined the dispersion relation w =cir(ln,k;e> for k- 
within the first Rrillouin zone defined by the spatially peri- 
odic Taylor vortex flow. We find that the quadratic approxi- 
mation to this dispersion relation near k = 0 deviates signifi- 
cantly from the actual dispersion relation when k is of the 
order of s-/15/2,. This suggests that the first eigenmode -of 
the Ginzburg-Landau equation, used to predict threshold 
shifts, will not be reliable for aspect ratios of approximately 
30 and below. 

For aspect ratios between 42, --,8 and 17& ~34 we- 
have conducted a detailed numerical and experimental study 
which indicates that the onset of wavy vortices may be accu- 
rately predicted by assuming that the finite-cylinder eigen- 
mode is the superposition of two infinite-cylinder Floquet 
modes with k = f r/L. We know of no other theoretical 
model in which critical Reynolds numbers, azimuthal-wave- 
numbers, and wave speeds of wavy vortices agree in detail 
with experiment over this range of aspect ratios. 

Although our work is-computationally more intensive 
than perturbation analyses such as that of Walgraef et al.” or 
infinite-cylinder stability calculations such as those of 
Jones,3%4 it is important to note that our calculations were all 
performed on a small two-dimensional (r,z) domain, period- 
ic in z with period A,. No attempt was made to accurately 

model the actual end boundary conditions in finite-length 
experiments. We conclude that the detailed flow features 
near the ends are largely irrelevant to the problem of transi- 
tion to wavy vortices over the range of aspect ratios. we have 
studied, and that the only important effect of the axisymmet- 
ric boundaries is the localized suppression of the nonaxisym- 
metric disturbance. 

EIaving successfully modeled the linear problem in 
terms of two d&r&e Floquet modes k = k r/L. we specu- 
late, that the weakly nonlinear behavior of wavy vortices 
might also be studied by an approximation scheme in which 
the velocity field is expanded in a small number of modes 
with k = k, = qdL for integers Q. The intermediate aspect 
ratios we have studied in this paper might be productively 
investigated via relatively simple nonlinear models involving 
a smail number of discrete modes. 
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